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Abstract

Study of asymmetric spiked tensors with Gaussian noise.

The tensor model is associated to a random matrix constructed from

contractions of the tensor with its singular vectors.

Exact characterization of the almost sure limits of the tensor singular value

and alignments are derived in the high-dimensional regime.

Asymmetric rank-1 spiked random tensors

Consider the non-symmetric spiked tensor model

T = βx1 ⊗ · · · ⊗ xd︸ ︷︷ ︸
Signal

+ 1√
n
X︸ ︷︷ ︸

Noise

∈ Rn1×···×nd

where (x1, . . . , xd) ∈ Sn1−1 × · · · × Snd−1, Xi1...id
∼ N (0, 1) i.i.d. and n = ∑d

i=1 ni.

The parameter β > 0 controls the signal-to-noise ratio (SNR).

(A1) Growth rate assumptions: As ni → ∞, ni∑d
j=1 nj

→ ci ∈ (0, 1) and d = O(1).

Tensor singular values and vectors

Maximum likelihood estimator (MLE) of best rank-1 approximation of T

arg min
λ>0, (u1,...,ud)∈Sn1−1×···×Snd−1

‖T − λu1 ⊗ · · · ⊗ ud‖2
F

Equivalent to (Lim, 2005)

max∏d
i=1 ‖ui‖=1

|T (u1, . . . , ud)|

The KKT conditions verified by the stationary points (λ, u1, . . . , ud) are, ∀i ∈ [d]T (u1, . . . , ui−1, :, ui+1, . . . , ud) = λui and ‖ui‖ = 1
λ = T (u1, . . . , ud)

Goal: Under (A1), how to express the asymptotics of λ and 〈xi, ui〉 of the MLE?

Associated randommatrix model (d = 3)
Stein’s Lemma: Let X ∼ N (0, 1), E [Xf (X)] = E [f ′(X)].
Under (A1), λ concentrates around its expectation and with Stein’s Lemma

Eλ = β E
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]
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Resolvent matrix: R(z) = (Φ3(T, u1, u2, u3) − zIn)−1
.

As n → ∞, the non-vanishing terms involve traces of R(z),
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Stieltjes transform

Definition. Given a probability measure ν, the Stieltjes transform of ν is defined as

gν(z) =
∫

dν(λ)
λ − z

, z ∈ C \ S(ν)

Given a n × n symmetric matrix S and denote λi its eigenvalues, the empirical

spectral measure (ESM) of S and the corresponding Stieltjes transform express as

νS = 1
n

n∑
i=1

δλi
, gνS

(z) = 1
n

n∑
i=1

1
λi − z

= 1
n

tr RS(z), z ∈ C \ S(νS)

where RS(z) = (S − zIn)−1
stands for the resolvent of S.

Limiting spectral measure of Φd(T, u1, . . . , ud)

Figure 1. Spectrum of Φ3(T, u1, u2, u3) at iterations 0, 5, ∞ of power iteration

applied on T. n1 = n2 = n3 = 100 and β = 0.

(A2) ∃(λ∗, u∗
1, . . . , u∗

d) such that λ∗ is not an eigenvalue of Φd(T, u∗
1, . . . , u∗

d).
Theorem 1. Under (A1) and (A2), the ESM of Φd(T, u∗

1, . . . , u∗
d) converges to a

deterministic measure ν whose Stieltjes transform is given as g(z) = ∑d
i=1 gi(z) such

that =[g(z)] > 0 for =[z] > 0, with

1
n

tr Rii(z) a.s.−→ gi(z) = g(z) + z

2
−

√
4ci + (g(z) + z)2

2
, z ∈ C \ S(ν)

Corollary 1. If ci = 1
d for all i ∈ [d], then the ESM of Φd(T, u∗

1, . . . , u∗
d) converges to

a semi-circle distribution supported on S(ν) =
[
−2
√

d−1
d , 2

√
d−1

d

]
, with

ν(dx) = d

2(d − 1)π

√√√√(4(d − 1)
d

− x2

)+

, g(z) =
−zd + d

√
z2 − 4(d−1)

d

2(d − 1)
, z ∈ C \ S(ν)

Asymptotic singular value and alignments

Theorem 2. Under (A1) and (A2), for d ≥ 3, there exists βs > 0 such that for

β > βs

λ∗ a.s.−→ λ∞, |〈xi, u∗
i 〉|

a.s.−→
(

αi(λ∞)d−3∏
j 6=i αj(λ∞)

) 1
2d−4

where λ∞ satisfies f (λ∞) = 0 with f (z) = z + g(z) − β
∏d

i=1 qi(z), and

qi(z) =
(

αi(z)d−3∏
j 6=i αj(z)

) 1
2d−4

, αi(z) = β

z + g(z) − gi(z)

while for β ∈ [0, βs], λ∗ is bounded by a constant and |〈xi, u∗
i 〉|

a.s.−→ 0.

Corollary 2 (Cubic tensors). If d = 3 with ci = 1
3, for β > 2
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√
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√
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√
9β2+36+

√
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Corollary 3 (Spiked random matrices). If d = 3 with c1 = c and c2 = 1 − c for some

c ∈ (0, 1), the spiked tensor model becomes a spiked matrix model (i.e. c3 = 0).
Let κ(β, c) = β

√
β2(β2+1)−c(c−1)

(β4+c(c−1))(β2+1−c), for β > βs = 4
√

c(1 − c)

λ∗ a.s.−→ λ∞ =
√

β2 + 1 + c(1 − c)
β2 , |〈xi, u∗

i 〉|
a.s.−→ 1

κ(β, ci)
, i ∈ {1, 2}

while for β ∈ [0, βs], λ∗ a.s.−→
√

1 + 2
√

c(1 − c) and |〈xi, u∗
i 〉|

a.s.−→ 0.

Theory versus simulations

Figure 2. Thresholds and asymptotic alignments for a cubic spiked random tensor:

MLE in black and tensor unfolding (Ben Arous, 2021) in blue. Simulations with

power iteration and tensor unfolding applied on a cubic tensor with ni = 70.

Conclusion

The derived result seems to describe the behavior of the MLE.

Still unclear how to characterize the phase transition for the MLE with our

approach, as also mentioned in (Goulart, 2021) for symmetric tensors.

Universality and generalization to higher-ranks remain to investigate.
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