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Entanglement in quantum systems

Quantum systems:

- the states are density matrices B in some Hilbert space H
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- the expectations are (A); = Tr(AB)

pure states B= V) (V|
mixed states B=Y_ p; V) (W;| with p; >0,> pi=1
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It is NP hard to decide if a state is entangled or separable. J
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Entanglement — average the expectations Tr(AB) over By with tensor
product Haar measure dU (or random quantum measurement):

/ dU Tr(AUBUY) | / du [Tr(AuBU")]"



Local unitary equivalence

Equivalent states on £ = ®”_, H. obtained from B by a local change of
basis:

D
{BU = UBUT‘ U= ® UC} , U, unitary operator on H,
c=1

Entanglement — average the expectations Tr(AB) over By with tensor
product Haar measure dU (or random quantum measurement):

/ dU Tr(AUBU'Y | / du [Tr(AuBU")]"

Can we say anything about the state B assuming we know A and the
moments?



Generating function of connected moments
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a>1 cumulants, connected moments




Generating function of connected moments

r T "
ec(t,A,B) _ /dU Ral (AUBUT) C(f7 A, B) = Z F C,,(A, B)

a>1 cumulants, connected moments

Difficult! So...




(@ Asymptotic expansion of the tensor HCIZ integral



Trace invariants

e |ic) basis in H. and |i;...ip) tensor product basis in H = ®"_, H.

o (ji...jp|Alir...ip) = Aj. jp,i...i, Matrix elements of A
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Asymptotic expansion

Theorem (B. Collins, R.G., L. Lionni)

Co(A, B) = > N72PH(7) flo ] Try (A)Trr(B) (1+ O(N72))

o, T

® with s(o, 7) known

s(o, T) = X IN(oc7c)| — 2|N(e, T)| + 2 with [M(x)| the number of transitivity classes of the group generated by x

® and f[o, 7] a known N independent function.

Denoting v¢ = o¢7¢ and ve|B the restriction of v/¢ to the block B of a partition ¢ > TM(v¢) we have:

flo, 7] = (—1)"D_E?:1 [N(ve)l

w1 >N(v1), ..., 7p>N(rp)
[N(e,7)VT1V...Vrp|=1
S M) =3 lmel—IN(e,T)[+1=0
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If all o, are the same cycle and 7. = o ' then
- s[o, 7] = Dnas v, = o7 is the identity

- flo, 7] = 1as only 7, the partition in one element sets contribute



Large N regimes

Assume asymptotic scaling limy_oo N=8(7)Tr-(B) = tr-(b) < co
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Large N scaling of invariants

Observable Tr (A) ~ N4(@tr, (a) and state Tr(B) ~ N3("tr,(b)

e alocal observable is a tenosr product of low rank operators
A=Q", A, thatis Trs(A) ~ O(1) and sa(o) =0

e state B has a “separated” and a “entangled” part
sg(T) =an+ Z something that sees only ¢ + € Z something that mixes ¢1, ¢
c c1,0

+ ¢ Z something that mixes ¢1, 2, 3+ ...

€1,€2,€3



A family of states

Split He = H! @ HE @ HE such that HE splits further into D — 1 factors HE = & s e He(ery:

|ic> |Pc> ® |Xc> ® |ic(6/)>
~~ ~~ P SN——
dim(H])=N1—B—e0=1)  dim(H5)=N" dim(H (7))=N
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Choose B = N‘BD“(Z) B' ® B* ® B° with:
B' :® W) (We| BS:®Z|X5> (Xl
c . V. c Xe
1 dim. proj. on H] N ,
indentity on H$

B = |wO)(we o, |v) = (H iey(c2) ealcr) ) ®|’
pure entangled state

a<ec

c#c'



The (3, €) plane

Tr(B) = N~80=ne(D)H8 Ec (e Z < M7, )
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Tr-r(B) ~ Nﬂ ZC(“-'(TCN_"H'E zDC1<€z(|n("—C1 ngl)l_n) tl'-r(b) ) Tro-(A) ~ 0(1)
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In the “entangled regime” at leading order all the o, are the same cycle
and 7, =o. "

Jim N™PCh(A, B) = (n— 1)! Tr(A")Tr(B")




Conclusions

Entanglement detection criterion

If for a local observable A the cumulants under averaging over local
unitary transformations behave like:

Ca(A, B) = %Tr(A”)Tr(B”) ,

then the state B is entangled.

- the entangled regime is the simplest one with the fewest leading order
contributions

- generalize to other asymptotic entangled scaling (so far robust:

whenever the strength of entanglement € is large enough we fall into
the trivial regime)

- we are describing the system of D q-Nits. How about many q-bits
(large D, N = 2)?
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