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• Random objects are proxies for complex statics and dynamics

• Random circuits show features of  
quantum chaotic dynamics (OTOC),  
many-body localization etc

MANIFESTO OF THIS TALK

• Random tensor networks for 
typical states in phases of matter, 
holographic prescriptions

dd
• Randomness as a powerful tool: Can prove  

statements fully out of reach otherwise

• Reminiscent of random coding

Brown, Fawzi, Commun Math Phys 340, 867-900 (2015)  
Brandao, Harrow, Horodecki, Commun Math Phys 346, 397 (2016) 
Sünderhauf, Pérez-García, Huse, Schuch, Cirac, Phys Rev B 98, 134204 (2018) 
Bertini, Piroli, Phys Rev B 102, 064305 (2020)
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1. RANDOM TENSOR NETWORKS AND STATISTICAL PHYSICS

• Random tensor networks as typical representatives of phases of matter

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 

dd
• How can features of quantum  

statistical mechanics be proven?
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2. COMPLEXITY GROWTH OF RANDOM QUANTUM CIRCUITS

• Brown Susskind conjecture on linear complexity growth of random circuits

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics, in press (2022) 
Haferkamp, Montealegre-Mora, Heinrich, Eisert, Gross, Roth, arXiv:2002.09524 (2020)

dd
• The complexity is computationally hard to compute: 

How can the notorious conjecture be proven?

• Bonus: “Quantum homeopathy” of random quantum circuits
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3. RANDOM TENSOR NETWORKS AND HOLOGRAPHY

• Tensor networks as toy models of holography

dd
• How does randomness help to formulate  

smooth critical conformal field theories?

Jahn, Zimboras, Eisert, Quantum 6, 643 (2022) 
Jahn, Eisert, Quant Sc Tech 6, 033002 (2021) 
Jahn, Gluza, Pastawski, Eisert, Science Adv 5, eaaw0092 (2019) 
Wille, Altland, Jahn, Eisert, in preparation (2022)



STATISTICAL MECHANICS OF RANDOM MATRIX PRODUCT STATES
PRX Quantum 2, 040308 (2021) 
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RANDOM MATRIX PRODUCT STATES

von Neumann, Zeitschrift für Physik 57, 30 (1929) 
Gogolin, Eisert, Rep Prog Phys 79, 056001 (2016)  
Linden, Popescu, Short, Winter, Phys Rev E 79, 061103 (2009) 

dd
• How can statistical physics and  

quantum dynamics be reconciled?
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RANDOM MATRIX PRODUCT STATES

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Lancien, Perez-García, arXiv:1906.11682 (2019) 
Garnerone, de Oliveira, Haas, Zanardi, Phys Rev A 82, 052312 (2010)

• Observables    evolving under    have time averages  
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• Fluctuations must be small
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| (t)i = e�itH | i

dd• How can one judge?

• Local observables are expected to equilibrate
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• Random matrix product states as initial states*

RANDOM MATRIX PRODUCT STATES

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Lancien, Pérez-García, arXiv:1906.11682 (2019) 
Garnerone, de Oliveira, Haas, Zanardi, Phys Rev A 82, 052312 (2010)

* See Joseph’s and  
Mari-Carmen’s tutorials
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• Random matrix product states
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Haar random tensors
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RANDOM MATRIX PRODUCT STATES

• Can be seen as generic representatives of phases of matter
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U (4)
<latexit sha1_base64="eydlFdroLbtFR7mfsFxMZhYja70=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9n1+yQFLx4ruG2hXUs2zbah2WRJskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+Q8tUEeoTyaVqhVhTzgT1DTOcthJFcRxy2gyHtxO/+USVZlI8mFFCgxj3BYsYwcZKTf8xq1ycjLulslt1p0CLxMtJGXLUu6WvTk+SNKbCEI61bntuYoIMK8MIp+NiJ9U0wWSI+7RtqcAx1UE2PXeMjq3SQ5FUtoRBU/X3RIZjrUdxaDtjbAZ63puI/3nt1ETXQcZEkhoqyGxRlHJkJJr8jnpMUWL4yBJMFLO3IjLAChNjEyraELz5lxdJ47TqXVbP7s/LtZs8jgIcwhFUwIMrqMEd1MEHAkN4hld4cxLnxXl3PmatS04+cwB/4Hz+AGiCjvU=</latexit>

U (5)

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Lancien, Pérez-García, arXiv:1906.11682 (2019) 
Garnerone, de Oliveira, Haas, Zanardi, Phys Rev A 82, 052312 (2010)

• Several interesting properties can be proven



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

• Random matrix product states
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i
<latexit sha1_base64="DgC8bAZyG95tjb2/uda7dDVAefI=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lURFPUnBi8cK9kPaUDbbSbt0dxN2N0KJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O0vLK6tr64WN4ubW9s5uaW+/oeNUUazTmMeqFRKNnEmsG2Y4thKFRIQcm+HwZuI3H1FpFst7M0owEKQvWcQoMVZ6ePI6isg+x26p7FW8KdxF4uekDDlq3dJXpxfTVKA0lBOt276XmCAjyjDKcVzspBoTQoekj21LJRGog2x68Ng9tkrPjWJlSxp3qv6eyIjQeiRC2ymIGeh5byL+57VTE10FGZNJalDS2aIo5a6J3cn3bo8ppIaPLCFUMXurSwdEEWpsRkUbgj//8iJpnFb8i8rZ3Xm5ep3HUYBDOIIT8OESqnALNagDBQHP8ApvjnJenHfnY9a65OQzB/AHzucPtpGQWQ==</latexit>

|0i

<latexit sha1_base64="IXmVZZx6RQxlV5rHybRVh0XAB1M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKepKCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhUyeZYthgiUhUO6AaBZfYMNwIbKcKaRwIbAXDu6nfekKleSIfzChFP6Z9ySPOqLFSPeyVym7FnYEsEy8nZchR65W+umHCshilYYJq3fHc1PhjqgxnAifFbqYxpWxI+9ixVNIYtT+eHTohp1YJSZQoW9KQmfp7YkxjrUdxYDtjagZ60ZuK/3mdzEQ3/pjLNDMo2XxRlAliEjL9moRcITNiZAllittbCRtQRZmx2RRtCN7iy8ukeV7xrioX9cty9TaPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/AMlRjOw=</latexit>

d

<latexit sha1_base64="OXVk4QP6vBnIcll2xHWTuFdhW78=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqCcJ6MFjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWqt11iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcpNFkcejuAYTsGDK6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCY0YzM</latexit>

D

<latexit sha1_base64="OdSCCU6tZb7RHctpkvXV3SGUHgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqCeJePGYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmM7qZ+8wmV5pF8MOMY/ZAOJO9zRo2VarfdYsktuzOQZeJlpAQZqt3iV6cXsSREaZigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkoaovbT2aETcmKVHulHypY0ZKb+nkhpqPU4DGxnSM1QL3pT8T+vnZj+tZ9yGScGJZsv6ieCmIhMvyY9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgre5fl89pFqXKTxZGHIziGU/DgCipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH5RFjMk=</latexit>

A

STATISTICAL MECHANICS OF RANDOM STATES

dd

• They equilibrate exponentially well:  
 
 

 
for 

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Compare Huang, Harrow. arXiv:1907.13392 (2019)

<latexit sha1_base64="cI4LO3ygl03q6kh95uJ1ZH5iQgk=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXRT1JwYvHCm5baNeSTbNtaDa7JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOo4VZR5NBaxagdEM8El8ww3grUTxUgUCNYKRrdTv/XElOaxfDDjhPkRGUgeckqMlVreY1Z1Tie9csWpOTPgZeLmpAI5Gr3yV7cf0zRi0lBBtO64TmL8jCjDqWCTUjfVLCF0RAasY6kkEdN+Njt3gk+s0sdhrGxJg2fq74mMRFqPo8B2RsQM9aI3Ff/zOqkJr/2MyyQ1TNL5ojAV2MR4+jvuc8WoEWNLCFXc3orpkChCjU2oZENwF19eJs2zmntZO7+/qNRv8jiKcATHUAUXrqAOd9AADyiM4Ble4Q0l6AW9o495awHlM4fwB+jzB2DkjvA=</latexit>

U (0)
<latexit sha1_base64="K5U7FFNzRBePBQHBy3TYaYXQBKE=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXRT1JwYvHCm5baNeSTbNtaDa7JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3jfKPCyura+kZxs7S1vbO7V94/aOo4VZR5NBaxagdEM8El8ww3grUTxUgUCNYKRrdTv/XElOaxfDDjhPkRGUgeckqMlVreY1Z1Tye9csWpOTPgZeLmpAI5Gr3yV7cf0zRi0lBBtO64TmL8jCjDqWCTUjfVLCF0RAasY6kkEdN+Njt3gk+s0sdhrGxJg2fq74mMRFqPo8B2RsQM9aI3Ff/zOqkJr/2MyyQ1TNL5ojAV2MR4+jvuc8WoEWNLCFXc3orpkChCjU2oZENwF19eJs2zmntZO7+/qNRv8jiKcATHUAUXrqAOd9AADyiM4Ble4Q0l6AW9o495awHlM4fwB+jzB2JqjvE=</latexit>

U (1)
<latexit sha1_base64="RYr0UBqU0c9+iEY4g38WZ5IO/Bg=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBHqpexWUU9S8OKxgtsW2rVk02wbms0uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFySCa+M432hldW19Y7OwVdze2d3bLx0cNnWcKso8GotYtQOimeCSeYYbwdqJYiQKBGsFo9up33piSvNYPphxwvyIDCQPOSXGSi3vMavUzia9UtmpOjPgZeLmpAw5Gr3SV7cf0zRi0lBBtO64TmL8jCjDqWCTYjfVLCF0RAasY6kkEdN+Njt3gk+t0sdhrGxJg2fq74mMRFqPo8B2RsQM9aI3Ff/zOqkJr/2MyyQ1TNL5ojAV2MR4+jvuc8WoEWNLCFXc3orpkChCjU2oaENwF19eJs1a1b2snt9flOs3eRwFOIYTqIALV1CHO2iABxRG8Ayv8IYS9ILe0ce8dQXlM0fwB+jzB2PwjvI=</latexit>

U (2)
<latexit sha1_base64="rGo5f0EWBxW6JTX81wmz3TAXjDk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9m1op6k4MVjBbcttGvJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWSKkJ9kvBEtUOsKWeC+oYZTttSURyHnLbC0e3Ubz1RpVkiHsxY0iDGA8EiRrCxUst/zCq1s0mvVHar7gxomXg5KUOORq/01e0nJI2pMIRjrTueK02QYWUY4XRS7KaaSkxGeEA7lgocUx1ks3Mn6NQqfRQlypYwaKb+nshwrPU4Dm1njM1QL3pT8T+vk5roOsiYkKmhgswXRSlHJkHT31GfKUoMH1uCiWL2VkSGWGFibEJFG4K3+PIyaZ5Xvctq7f6iXL/J4yjAMZxABTy4gjrcQQN8IDCCZ3iFN0c6L8678zFvXXHymSP4A+fzB2V2jvM=</latexit>

U (3)
<latexit sha1_base64="2LkX3No6x1DN7+dvals9W9uM2Ss=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9nVop6k4MVjBbcttGvJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWSKkJ9kvBEtUOsKWeC+oYZTttSURyHnLbC0e3Ubz1RpVkiHsxY0iDGA8EiRrCxUst/zCq1s0mvVHar7gxomXg5KUOORq/01e0nJI2pMIRjrTueK02QYWUY4XRS7KaaSkxGeEA7lgocUx1ks3Mn6NQqfRQlypYwaKb+nshwrPU4Dm1njM1QL3pT8T+vk5roOsiYkKmhgswXRSlHJkHT31GfKUoMH1uCiWL2VkSGWGFibEJFG4K3+PIyaZ5XvcvqxX2tXL/J4yjAMZxABTy4gjrcQQN8IDCCZ3iFN0c6L8678zFvXXHymSP4A+fzB2b8jvQ=</latexit>

U (4)
<latexit sha1_base64="eydlFdroLbtFR7mfsFxMZhYja70=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9n1+yQFLx4ruG2hXUs2zbah2WRJskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dpaWV1bX1gsbxc2t7Z3d0t5+Q8tUEeoTyaVqhVhTzgT1DTOcthJFcRxy2gyHtxO/+USVZlI8mFFCgxj3BYsYwcZKTf8xq1ycjLulslt1p0CLxMtJGXLUu6WvTk+SNKbCEI61bntuYoIMK8MIp+NiJ9U0wWSI+7RtqcAx1UE2PXeMjq3SQ5FUtoRBU/X3RIZjrUdxaDtjbAZ63puI/3nt1ETXQcZEkhoqyGxRlHJkJJr8jnpMUWL4yBJMFLO3IjLAChNjEyraELz5lxdJ47TqXVbP7s/LtZs8jgIcwhFUwIMrqMEd1MEHAkN4hld4cxLnxXl3PmatS04+cwB/4Hz+AGiCjvU=</latexit>

U (5)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

dd

• Gives tensorial expression

dd

• Map to partition function

dd

dd
• For any state vector 

<latexit sha1_base64="pLJqVn7bTy1AZVYsMLO0dyqpxDU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6kkKXjxWsB/QhLLZTtulm82yuxFK7N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzIsmZNp737RRWVtfWN4qbpa3tnd298v5BUyepotigCU9UOyIaORPYMMxwbEuFJI44tqLR7dRvPaLSLBEPZiwxjMlAsD6jxFgpeArkkAWKiAHHbrniVb0Z3GXi56QCOerd8lfQS2gaozCUE607vidNmBFlGOU4KQWpRknoiAywY6kgMeowm908cU+s0nP7ibIljDtTf09kJNZ6HEe2MyZmqBe9qfif10lN/zrMmJCpQUHni/opd03iTgNwe0whNXxsCaGK2VtdOiSKUGNjKtkQ/MWXl0nzrOpfVs/vLyq1mzyOIhzBMZyCD1dQgzuoQwMoSHiGV3hzUufFeXc+5q0FJ585hD9wPn8AXJ+R5A==</latexit>

|�i

• The t-th moment operator of  
Haar-random unitaries 
 
 
in Weingarten calculus

dd

• Bound “effective dimension”

Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 
Hunter-Jones, arXiv:1905.12053 (2019)

as overlap of initial state  
with energy eigenstates 

IDEA OF PROOF



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 
Haferkamp, Bertoni, Roth, Eisert, PRX Quantum 2, 040308 (2021) 

LESSON
dd

• Random matrix product states 
equilibrate exponentially well

• Extensivity of 2-Renyi entropies  
• Maximum entropy for small connected subsystems 
• Ground states of disordered parent Hamiltonians 
• Insights into generic phases of matter 

• Exponential decay of correlations in similar (TI) model

• Further results:

Lancien, Perez-García, arXiv:1906.11682 (2019)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

dd
• Noa’s poster: Use random sampling to estimate 

entanglement in tensor network-states

ENTANGLEMENT IN MANY-BODY SYSTEMS

Feldman, Kshetrimayum, Eisert, Goldstein, arXiv:2202.04089 (2022)

• Resource-economically estimate Renyi entanglement entropies  
 
 
and negativity moments using frames, random vectors               with

<latexit sha1_base64="3BOtF4Cg/2RPe343MlmWlkmEbMs=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0C8uMirpRWkRwWcE+oFOHTJppQzPJkGSEMsxfuPFX3LhQxK3u/BvTx0JbD1w4nHMv997jR4wqbdvfVmZhcWl5JbuaW1vf2NzKb+80lIglJnUsmJAtHynCKCd1TTUjrUgSFPqMNP3B1chvPhCpqOB3ehiRToh6nAYUI20kL1++9nixWoIX0A0kwomTJs4hT6HLRA8mrgyhlmnRlX3hVe95ycsX7LI9BpwnzpQUwBQ1L//ldgWOQ8I1ZkiptmNHupMgqSlmJM25sSIRwgPUI21DOQqJ6iTjv1J4YJQuDIQ0xTUcq78nEhQqNQx90xki3Vez3kj8z2vHOjjvJJRHsSYcTxYFMYNawFFIsEslwZoNDUFYUnMrxH1k8tEmypwJwZl9eZ40jsrOafn49qRQuZzGkQV7YB8UgQPOQAXcgBqoAwwewTN4BW/Wk/VivVsfk9aMNZ3ZBX9gff4A/JKd+g==</latexit>

En(A) =
1

1� n
log tr(⇢nA)

<latexit sha1_base64="sXC02FGsh6f6hlkkhTvY+ok0YC8=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQq6koK3bisYB/QxDKZTNqhk0mYmRRKzMKNv+LGhSJu/Qh3/o2TNgttPXDhcM693HuPFzMqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbN3O/OyFC0ojfqWlM3BANOQ0oRkpLA7P6MHEE4kNGHMph6oRIjTwvbWbZvT8wa1bdmgEuE7sgNVCgNTC/HD/CSUi4wgxJ2betWLkpEopiRrKKk0gSIzxGQ9LXlKOQSDedPZHBY634MIiELq7gTP09kaJQymno6c78SLno5eJ/Xj9RwZWbUh4ninA8XxQkDKoI5olAnwqCFZtqgrCg+laIR0ggrHRuFR2CvfjyMumc1u2L+tntea1xXcRRBlVwBE6ADS5BA9yAFmgDDB7BM3gFb8aT8WK8Gx/z1pJRzByCPzA+fwBss5iW</latexit>

|vi 2 Cd
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LINEAR COMPLEXITY GROWTH IN RANDOM QUANTUM CIRCUITS
Nature Physics, in press, arXiv:2106.05305 (2022)  
Phys Rev Lett 127, 020501 (2021) 
arXiv:2002.09524 (2020)
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COMPLEXITY GROWTH IN RANDOM CIRCUITS

Gosset, Gosset, Kliuchnikov, Mosca, Russo, Quant Inf Comp 14, 1277 (2014) 
 Aaronson, Gottesman, Phys Rev A 70, 02328 (2004)

• Circuit complexity: Smallest number of quantum gates from  
gate set to generate a given unitary

• Separates problems into ‘easy’ and ‘hard’
• In quantum setting relevant for phases of matter
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COMPLEXITY GROWTH IN RANDOM CIRCUITS

Gosset, Gosset, Kliuchnikov, Mosca, Russo, Quant Inf Comp 14, 1277 (2014) 
 Aaronson, Gottesman, Phys Rev A 70, 02328 (2004)

• Circuit complexity: Smallest number of quantum gates from  
gate set to generate a given unitary

• Computationally hard: Notorious cancellations

‣
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COMPLEXITY GROWTH IN RANDOM CIRCUITS

dd
• How does the complexity grow  

for random quantum circuits?

Haar random 
unitaries, or gates 
from continuous 
universal gate set

Gosset, Gosset, Kliuchnikov, Mosca, Russo, Quant Inf Comp 14, 1277 (2014) 
 Aaronson, Gottesman, Phys Rev A 70, 02328 (2004)
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Brown, Roberts, Susskind, Swingle, Zhao, Phys Rev Lett 116, 191301 (2016) 
Brown, Roberts, Susskind, Swingle, Zhao, Phys Rev D 93, 086006 (2016) 

Chapman, Eisert, Hackl, Heller, Jefferson, Marrochio, Myers, SciPost Phys 6, 034 (2019) 
Brown, Susskind, Phys Rev D 97, 086015 (2018) 

dd• Has risen to prominence as Brown-Susskind conjecture

BROWN-SUSSKIND CONJECTURE
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Brown, Roberts, Susskind, Swingle, Zhao, Phys Rev Lett 116, 191301 (2016) 
Brown, Roberts, Susskind, Swingle, Zhao, Phys Rev D 93, 086006 (2016) 

Chapman, Eisert, Hackl, Heller, Jefferson, Marrochio, Myers, SciPost Phys 6, 034 (2019) 
Brown, Susskind, Phys Rev D 97, 086015 (2018) 

• AdS: Volume grows for  
exponentially long time 

• CFT: Local observables 
equilibrating?
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dd• Has risen to prominence as Brown-Susskind conjecture

BROWN-SUSSKIND CONJECTURE
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LINEAR COMPLEXITY GROWTH

dd• Has risen to prominence as Brown-Susskind conjecture

Brown, Susskind, Phys Rev D 97, 086015 (2018) 

dd• How would one know?
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dd
• Indeed, the linear growth conjecture (until  

exponential times) is provably true!

LINEAR COMPLEXITY GROWTH

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics, in press (2022) 
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dd• How can this be judged?
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• Accessible dimension* is almost always the 
same throughout the domain

* Set is no manifold

dd
• Quasialgebraic set: 

Polynomial equalities 
and inequalities 

dd
• Tarski-Seidenberg 

principle

dd• Quasialgebraic set

IDEA OF PROOF

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics, in press (2022) 

• Contraction map
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• Demonstrate the point’s existence by perturbing Clifford circuits, 
‘appending infinitesimal unitaries’, ‘count independent directions’

• Counting

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics, in press (2022) 

• Identify a point where  
dimension grows 
linearly with circuit depth • Accessible dimension* is almost always the 

same throughout the domain

IDEA OF PROOF
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LESSON

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics, in press (2022) 

dd

• Indeed, the linear growth conjecture (until  
exponential times) is provably true

• Concatenation    blocks involving    gates, involving    unitaries
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until 
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LESSON

Haferkamp, Faist, Kothakonda, Eisert, Yunger-Halpern, Nature Physics, in press (2022) 

• Connect to quantum  
chaotic dynamics?

dd

• Connections to entanglement and Nielsen’s complexity?
Nielsen, Dowling, Gu, Doherty, Science 311, 1133 (2006)
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C � cE, c > 0
Eisert, Phys Rev Lett 127, 020501 (2021)

• Approximate versions of complexity?

dd

• Indeed, the linear growth conjecture (until  
exponential times) is provably true

until 
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dd

WIDER LESSON

dd• Quantum random circuits are fun

• Most counterintuitive group result: “Quantum homeopathy”
• Random Clifford circuits are no (approximate) unitary 4-design

Helsen, Wallman, Wehner, J Math Phys 59, 072201 (2018)  
Zhu, Kueng, Grassl, Gross, arXiv:1609.08172 (2016)

• A constant (!) number

dd
• A number of                                         -gates  
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Haferkamp, Montealegre-Mora, Heinrich, Eisert, Gross, Roth, arXiv:2002.09524 (2020)



RANDOM TENSORS FOR QUANTUM FIELDS AND HOLOGRAPHY
Quantum 6, 643 (2022) 
In preparation (2022) 
Quant Sc Tech 6, 033002 (2021) 
Science Adv 5, eaaw0092 (2019)



https://www.physik.fu-berlin.de/en/einrichtungen/ag/ag-eisert 

HOLOGRAPHY AND CRITICAL MODELS

dd
• Toy models of AdS-CFT can be formulated  

as matchgate tensor networks

Jahn, Zimboras, Eisert, Quantum 6, 643 (2022) 
Jahn, Eisert, Quant. Sc. Tech. 6, 033002 (2021) 
Wille, Altland, Jahn, Eisert, in preparation (2022)

Matchgate “free 
fermionic” tensor networks 
on hyperbolic tiling of plane

• Can be efficiently (and in instances 
analytically) contracted
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HOLOGRAPHY AND CRITICAL MODELS

dd
• Toy models of AdS-CFT can be formulated  

as matchgate tensor networks
Matchgate “free 
fermionic” tensor networks 
on hyperbolic tiling of plane

Inflation rules to go from one 
layer to the next

Critical theory on boundary with effective 
central charges depending on tiling, e.g.

Jahn, Zimboras, Eisert, Quantum 6, 643 (2022) 
Jahn, Eisert, Quant. Sc. Tech. 6, 033002 (2021) 
Wille, Altland, Jahn, Eisert, in preparation (2022)
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dd
• Toy models of AdS-CFT can be formulated  

as matchgate tensor networks
Get actual CFT (up to 
quasi-crystalline symmetry)

HOLOGRAPHY AND CRITICAL MODELS
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dd
• Using random matchgate tensors,  

can go to the continuum (in prep)

Get actual CFT (up to 
quasi-crystalline symmetry)

HOLOGRAPHY AND CRITICAL MODELS

Jahn, Zimboras, Eisert, Quantum 6, 643 (2022) 
Jahn, Eisert, Quant Sc Tech 6, 033002 (2021) 
Wille, Altland, Jahn, Eisert, in preparation (2022)



OUTLOOK
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OUTLOOK

dd

• Tensor networks for holography

• Get full conformal field theories

dd

• Solving the Brown Susskind 
conjecture of complexity

• Approximate notions?

dd

• Statistical mechanics of random  
tensor networks

• More “physical” probability measures?
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OUTLOOK

dd
• So, how much randomness do we  

need in random tensor networks?
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