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area law

TNS = entanglement based ansatz

PEPSMPS

other TNS MERATTN

Schollwöck Ann.Phys.2011
Verstraete et al.  Adv. Phys. 2008

MPO

Orús, Ann. Phys. 2014

In first session…



MPS PROPERTIES

good approximation of ground states
Verstraete, Cirac, PRB 2006
Hastings, J. Stat. Phys 2007

gapped finite range Hamiltonian ⇒ 
area law (ground state)

efficient calculation of expectation values
exponentially decaying correlations

can be prepared efficiently

Cramer, Eisert, Plenio, RMP 2009

RECAP
Matrix Product States



PEPS PROPERTIES
Projected Entangled Pairs States

efficient approximation of thermal states
Hastings PRB 2006
Molnar et al PRB 2015

no efficient calculation of expectation values
can hold algebraically decaying correlations

cannot be prepared efficiently

ground state of local frustration-free Hamiltonians

RECAP



In this session…

other TNS

basic algorithms



MPO
Matrix Product Operators



MPO
Matrix Product Operator

Same kind of ansatz for operators



MPO
Matrix Product Operator

M̂ =
�

i1,j1...iN ,jN

tr(M i1j1
1 M i2j2

2 . . .M iN jN

N )|i1 . . . iN ��j1 . . . jN |

Verstraete et al., PRL 2004

Pirvu et al., NJP 2010
Zwolak, Vidal, PRL 2004

Same kind of ansatz for operators

MPO is an operator with MPS form in the chosen basis!
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MPO
Matrix Product Operator

local Hamiltonians are simple MPOs
finite state automata recognize regular expressions
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MPO
local Hamiltonians are simple MPOs

finite state automata recognize regular expressions

FSA = computational model S states S0, Sf ∊S
Σ input alphabet
S×Σ!S transitions(0⇤)1(0⇤)
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MPO
Matrix Product Operator

local Hamiltonians are simple MPOs
translate to MPS/MPO input symbols = physical indices

nr of states = bond dimension
valid transitions = non-vanishing 

tensor elementsAB
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local Hamiltonians are simple MPOs
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expressed as operator(vector) valued matrix
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MPO for Ising Hamiltonian



MPO
Matrix Product Operator

an ansatz for density matrices

need some 
properties
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can we impose them locally?

not all MPO satisfy them!
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MPO
Matrix Product Operator

an ansatz for density matrices

need some 
properties
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can we impose them locally?

there is a wayKliesch et al., PRL 2014

de las Cuevas et al. J Math Phys 2016
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orthogonal
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unitary freedom on ancilla
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vs

Bond dimension determines 
number of parameters

d

D D

d

D D
d

Schmidt rank → 
entanglement

NdD2 Nd2D2

Schmidt rank in operator space 
→ operator space entanglement 

entropy

MPO
Matrix Product Operator
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Matrix Product Operator

expectation values
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<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

d

dA

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>



hOi⇢ = tr(O ⇢) = trS [O trA(| ih |)] = tr(O | ih |)
<latexit sha1_base64="qZQWKbkN96/3kubYiuAcoMDKKeU="></latexit>

MPO
Matrix Product Operator

expectation values

d

d

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

= h |O| i
<latexit sha1_base64="3O38PN0gK9/SQzHohlOOOf4pw+M=">AAACBXicbVC7SgNBFL0bXzG+Vi21GAyCVdiNgjZC0MbOCOYB2SXMTibJkNnZZWZWCJs0Nv6KjYUitv6DnX/jZJNCEw9c7uGce5m5J4g5U9pxvq3c0vLK6lp+vbCxubW9Y+/u1VWUSEJrJOKRbAZYUc4ErWmmOW3GkuIw4LQRDK4nfuOBSsUica+HMfVD3BOsywjWRmrbh5cex6LHKfKqio1u0WjSPZlpbbvolJwMaJG4M1KEGapt+8vrRCQJqdCEY6VarhNrP8VSM8LpuOAlisaYDHCPtgwVOKTKT7MrxujYKB3UjaQpoVGm/t5IcajUMAzMZIh1X817E/E/r5Xo7oWfMhEnmgoyfaibcKQjNIkEdZikRPOhIZhIZv6KSB9LTLQJrmBCcOdPXiT1csk9LZXvzoqVq1kceTiAIzgBF86hAjdQhRoQeIRneIU368l6sd6tj+lozprt7MMfWJ8/+hOYPw==</latexit>



OTHER TNS
not fulfilling area law



TTN
Tree Tensor States

d

! =isometries

efficient contraction

Shi et al PRA (2006)
Tagliacozzo et al PRB80 (2009)

Silvi et al PRA81 (2010)



TTN
Tree Tensor States

d

! =isometries

efficient contraction

Shi et al PRA (2006)
Tagliacozzo et al PRB80 (2009)

Silvi et al PRA81 (2010)



TTN
Tree Tensor States

d

! =isometries

efficient contraction

reduced density matrix

the rank of 
this matrix 
determines 

the max 
entanglement

Shi et al PRA (2006)
Tagliacozzo et al PRB80 (2009)

Silvi et al PRA81 (2010)



TTN
Tree Tensor States

d

!

efficient contraction
=isometries

can be log L
L homogeneous case: average 

correlations decay as power law

works also in two dimensions, or PBC

because no loops ⇒ canonical form
Shi et al PRA74 (2006)

Tagliacozzo et al PRB80 (2009)
Silvi et al PRA81 (2010)



MERA
Multiscale Entanglement Renormalization Ansatz

Vidal PRL99 (2007)

tree as real space renormalization

d

!



state with 
short-range 
correlations

MERA
Multiscale Entanglement Renormalization Ansatz

Vidal PRL99 (2007)

tree as real space renormalization
cannot get rid of short 
range correlations

d

!



MERA
Multiscale Entanglement Renormalization Ansatz

disentanglers

state with 
short-range 
correlations

MERA = Q circuit to 
prepare the state

d

!



MERA
Multiscale Entanglement Renormalization Ansatz

efficient contraction



MERA
Multiscale Entanglement Renormalization Ansatz

efficient contraction



MERA
Multiscale Entanglement Renormalization Ansatz

causal cone
bounded width
log L height

efficient contraction



MERA
Multiscale Entanglement Renormalization Ansatz

causal cone
bounded width
log L height

efficient contraction

d

!

L
S(L)  log� logL

<latexit sha1_base64="xTtnNDlg/Pa3+nFhoIHlTaltMiU=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFqJsyUwVdFt246KKivUBnKJk004ZmkjHJCKUU3Pgqblwo4taXcOfbmGlnoa0/BD7+cw4n5w9iRpV2nG8rt7S8srqWXy9sbG5t79i7e00lEolJAwsmZDtAijDKSUNTzUg7lgRFASOtYHiV1lsPRCoq+J0excSPUJ/TkGKkjdW1D25LtROPkXvoMdGHHh7QGdUKXbvolJ2p4CK4GRRBpnrX/vJ6AicR4RozpFTHdWLtj5HUFDMyKXiJIjHCQ9QnHYMcRUT54+kNE3hsnB4MhTSPazh1f0+MUaTUKApMZ4T0QM3XUvO/WifR4YU/pjxONOF4tihMGNQCpoHAHpUEazYygLCk5q8QD5BEWJvY0hDc+ZMXoVkpu6flys1ZsXqZxZEHh+AIlIALzkEVXIM6aAAMHsEzeAVv1pP1Yr1bH7PWnJXN7IM/sj5/ABkSleM=</latexit>

logarithmic violation of area law
can describe critical systems

in 2D MERA are a subset of PEPS



The TNS toolbox

WHAT CAN WE DO 
WITH TNS?



BASIC ALGORITHMS
two main types

variational optimization 

applying a (local) operator
basis of most common 
evolution algorithms

used for ground states



BASIC ALGORITHMS
variational minimization of energy

H =

|E0� �

��|H|��

Variational principle

min
A

ĀHe�A

ĀNe�A
min
{A}

��|H|��
��|��

h | i
<latexit sha1_base64="7hwyVs/s94lt14z5HW/597jSOxY=">AAACAHicbVC7TsMwFL0pr1JeAQYGFosKialKChKMFSyMRaIPqYkqx3Vaq44T2Q5SFbrwKywMIMTKZ7DxNzhtBmg5kq3jc+7V9T1BwpnSjvNtlVZW19Y3ypuVre2d3T17/6Ct4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8k/udByoVi8W9niTUj/BQsJARrI3Ut488jsWQU6+p2GN+eXL27ttVp+bMgJaJW5AqFGj27S9vEJM0okITjpXquU6i/QxLzQin04qXKppgMsZD2jNU4IgqP5stMEWnRhmgMJbmCI1m6u+ODEdKTaLAVEZYj9Sil4v/eb1Uh1d+xkSSairIfFCYcqRjlKeBBkxSovnEEEwkM39FZIQlJtpkVjEhuIsrL5N2veae1+p3F9XGdRFHGY7hBM7AhUtowC00oQUEpvAMr/BmPVkv1rv1MS8tWUXPIfyB9fkDKeiWxQ==</latexit>

Verstraete, Porras, Cirac, PRL 2004
White, PRL 1992

Schollwöck, RMP 2005, Ann. Phys. 2011



BASIC ALGORITHMS
variational minimization of energy

H =

|E0� �

Variational principle

sweep back and forth 
over tensors

min
A

ĀHe�A

ĀNe�A
min
{A}

��|H|��
��|��

He↵
<latexit sha1_base64="4pDhGZc0yOD8wKF3LT7bPiMdNKc=">AAAB+XicbVDLSsNAFL3xWesr6tJNsAiuSlIFXRbddFnBPqANYTKdtENnJmFmUighf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTJowq7brf1sbm1vbObmWvun9weHRsn5x2VZxKTDo4ZrHsh0gRRgXpaKoZ6SeSIB4y0gunD4XfmxGpaCye9DwhPkdjQSOKkTZSYNutIBtypCeSZySK8jywa27dXcBZJ15JalCiHdhfw1GMU06ExgwpNfDcRPsZkppiRvLqMFUkQXiKxmRgqECcKD9bJM+dS6OMnCiW5gntLNTfGxniSs15aCaLkGrVK8T/vEGqozs/oyJJNRF4eShKmaNjp6jBGVFJsGZzQxCW1GR18ARJhLUpq2pK8Fa/vE66jbp3XW883tSa92UdFTiHC7gCD26hCS1oQwcwzOAZXuHNyqwX6936WI5uWOXOGfyB9fkDIoiT/A==</latexit>

Ne↵
<latexit sha1_base64="iR86QrinAMJM0f6pZ68v7+d4pKQ=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQKuiy6cSUV7APaECbTSTt0Jgkzk0IJ+RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5ttbWNza3tis71d29/YND++i4o+JUEtomMY9lL8CKchbRtmaa014iKRYBp91gclf43SmVisXRk54l1BN4FLGQEayN5Nv2g58NBNZjKTIahnnu2zWn7syBVolbkhqUaPn212AYk1TQSBOOleq7TqK9DEvNCKd5dZAqmmAywSPaNzTCgiovmyfP0blRhiiMpXmRRnP190aGhVIzEZjJIqRa9grxP6+f6vDGy1iUpJpGZHEoTDnSMSpqQEMmKdF8ZggmkpmsiIyxxESbsqqmBHf5y6uk06i7l/XG41WteVvWUYFTOIMLcOEamnAPLWgDgSk8wyu8WZn1Yr1bH4vRNavcOYE/sD5/ACv6lAI=</latexit>

Verstraete, Porras, Cirac, PRL 2004
White, PRL 1992

Schollwöck, RMP 2005, Ann. Phys. 2011



BASIC ALGORITHMS
variational minimization of energy

canonical form

min
A

ĀHe�A

ĀNe�A
He↵A = �minNe↵A

<latexit sha1_base64="cL0aXLBTq5EZ4EuKCthXelv8jPQ=">AAACJnicbVDLSgMxFM3UV62vUZdugkVwVWaqoJtC1U1XUsHaQmcYMmmmDU0yQ5IRytCvceOvuHFREXHnp5i2A2rrgcDhnHtv7j1hwqjSjvNpFVZW19Y3ipulre2d3T17/+BBxanEpIVjFstOiBRhVJCWppqRTiIJ4iEj7XB4M/Xbj0QqGot7PUqIz1Ff0IhipI0U2LVGkHkc6YHkGYmi8Rhe1aDHzIAe+nE4Fca5XSoN7LJTcWaAy8TNSRnkaAb2xOvFOOVEaMyQUl3XSbSfIakpZmRc8lJFEoSHqE+6hgrEifKz2ZljeGKUHoxiaZ7QcKb+7sgQV2rEQ1M5XVMtelPxP6+b6ujSz6hIUk0Enn8UpQzqGE4zgz0qCdZsZAjCkppdIR4gibA2yZZMCO7iycvkoVpxzyrVu/Ny/TqPowiOwDE4BS64AHXQAE3QAhg8gRcwAW/Ws/VqvVsf89KClfccgj+wvr4BSlqm5Q==</latexit>

tensor structure
sparse matrices

} O(D3)
<latexit sha1_base64="zA/lDdqpXVTNBZqohJetibgo4A4=">AAAB7XicdVBNS8NAEJ3Ur1q/qh69LBahXkrS+nkr6sGbFWwttLFstpt27SYbdjdCCf0PXjwo4tX/481/47aNUEUfDDzem2FmnhdxprRtf1qZufmFxaXscm5ldW19I7+51VAiloTWieBCNj2sKGchrWumOW1GkuLA4/TWG5yP/dsHKhUT4Y0eRtQNcC9kPiNYG6lxVby4q+x38gW7ZE+AZsih7ZweOchJlQKkqHXyH+2uIHFAQ004Vqrl2JF2Eyw1I5yOcu1Y0QiTAe7RlqEhDqhyk8m1I7RnlC7yhTQVajRRZycSHCg1DDzTGWDdV7+9sfiX14q1f+ImLIxiTUMyXeTHHGmBxq+jLpOUaD40BBPJzK2I9LHERJuAciaE70/R/6RRLjmVUvn6oFA9S+PIwg7sQhEcOIYqXEIN6kDgHh7hGV4sYT1Zr9bbtDVjpTPb8APW+xdCpI5F</latexit>

PBC: higher cost O(D5)

symmetries can be integrated

PEPS O(D10)

guaranteed convergence

also excitations

DMRG



MPS

an example

H = J

X
�
[i]
z �

[i+1]
z + g

X
�
[i]
x

<latexit sha1_base64="czA9oxUB8Xs3M1f7qmFn98JbT14="></latexit>

Ising model
<latexit sha1_base64="/Kfrea1ivkIkSkiltDo+5i+Cwbg=">AAAB8XicdVBNSwMxEJ2tX7V+VT16CRbB07KRgr0Uil7EUwVrK92lZNNsG5rsLklWKKW/wosHBfHqv/HmvzHbFrGiDwYe780wMy9MBdfG8z6dwsrq2vpGcbO0tb2zu1feP7jTSaYoa9FEJKoTEs0Ej1nLcCNYJ1WMyFCwdji6zP32A1OaJ/GtGacskGQQ84hTYqx0f13Hvo8GddwrVzy35uVA2PXmxHOry0oFFmj2yh9+P6GZZLGhgmjdxV5qgglRhlPBpiU/0ywldEQGrGtpTCTTwWR28BSdWKWPokTZig2aqT8nJkRqPZah7ZTEDPVvLxf/8rqZiWrBhMdpZlhM54uiTCCToPx71OeKUSPGlhCquL0V0SFRhBqbUcmG8P37/6R95uKqi/FNtdK4WORRhCM4hlPAcA4NuIImtICChEd4hhdHOU/Oq/M2by04i5lDWILz/gWuAo9/</latexit>

J = 1

g = 1
<latexit sha1_base64="PhlfNRbjKwbmQlwz/gQjw9krvq8=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BIvgackuC9qDUPTiSSpYW2iXkk2zbWiSXZKsUJb+BS8eFMSrP8ib/8ZsW4qKPhh4vDfDzLwo5UwbhD6d0srq2vpGebOytb2zu1fdP7jXSaYIbZGEJ6oTYU05k7RlmOG0kyqKRcRpOxpfFX77gSrNEnlnJikNBR5KFjOCTSHdXPioX60hN0AWAfRcNANEbr1e95G/VGpggWa/+tEbJCQTVBrCsdZdD6UmzLEyjHA6rfQyTVNMxnhIu5ZKLKgO89mtU3hilQGME2VLGjhTv0/kWGg9EZHtFNiM9G+vEP/yupmJz8OcyTQzVJL5ojjj0CSweBwOmKLE8IklmChmb4VkhBUmxsZTsSEsf/+ftH3XC1zPuw1qjctFHmVwBI7BKfDAGWiAa9AELUDACDyCZ/DiCOfJeXXe5q0lZzFzCH7Aef8C1+CN8A==</latexit>

N = 20

Matlab         eigs
<latexit sha1_base64="phAyJgmocWz+tZnmy/w551xTiO8="></latexit>

EGS/N = �1.255389855581190
t=38 s

<latexit sha1_base64="KQdfxZ2k2CDflHT8yZliDiZoHns=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjLDaNuFUHTjSipYK7RjyaSZNjSTGZNMoQz9DjcuFMSt/+LOvzF9UFT0wIXDOfdy7z1BwpnSCH1auaXlldW1/HphY3Nre6e4u3er4lQS2iAxj+VdgBXlTNCGZprTu0RSHAWcNoPBxcRvDqlULBY3epRQP8I9wUJGsDaS795nV+MzB3mVk/Jpp1hCtocMPOjYaAqI7Gq16iJ3oZTAHPVO8aPdjUkaUaEJx0q1HJRoP8NSM8LpuNBOFU0wGeAebRkqcESVn02PHsMjo3RhGEtTQsOp+n0iw5FSoygwnRHWffXbm4h/ea1UhxU/YyJJNRVktihMOdQxnCQAu0xSovnIEEwkM7dC0scSE21yKpgQFr//T5qu7Xi241x7pdr5PI88OACH4Bg4oAxq4BLUQQMQ8AAewTN4sYbWk/Vqvc1ac9Z8Zh/8gPX+BSdIkN8=</latexit>

2N = 1048576
<latexit sha1_base64="ngF0xTD6yjsRIIa1nCYYKc7tsdE=">AAAB/3icdVDLSsNAFJ34rPUVFVduBovgKk5CQLsoFHXhSipYW2hjmEyn7dDJg5mJWELAX3HjQkHc+hvu/BunD4qKHrhwOOde7r0nSDiTCqFPY25+YXFpubBSXF1b39g0t7ZvZJwKQusk5rFoBlhSziJaV0xx2kwExWHAaSMYnI38xh0VksXRtRom1AtxL2JdRrDSkm/unvtZO8T3ecW5zS6PnLxiI8f1zRKyXKThQttCY0BklctlBzkzpQSmqPnmR7sTkzSkkSIcS9myUaK8DAvFCKd5sZ1KmmAywD3a0jTCIZVeNj4/hwda6cBuLHRFCo7V7xMZDqUchoHuDLHqy9/eSPzLa6Wqe+JlLEpSRSMyWdRNOVQxHGUBO0xQovhQE0wE07dC0scCE6UTK+oQZr//TxqOZbuWbV+5perpNI8C2AP74BDY4BhUwQWogTogIAOP4Bm8GA/Gk/FqvE1a54zpzA74AeP9C9gWlJM=</latexit>

Dmax = 2N/2 = 1024



MPS

an example

H = J

X
�
[i]
z �

[i+1]
z + g

X
�
[i]
x

<latexit sha1_base64="czA9oxUB8Xs3M1f7qmFn98JbT14="></latexit>

Ising model
<latexit sha1_base64="/Kfrea1ivkIkSkiltDo+5i+Cwbg=">AAAB8XicdVBNSwMxEJ2tX7V+VT16CRbB07KRgr0Uil7EUwVrK92lZNNsG5rsLklWKKW/wosHBfHqv/HmvzHbFrGiDwYe780wMy9MBdfG8z6dwsrq2vpGcbO0tb2zu1feP7jTSaYoa9FEJKoTEs0Ej1nLcCNYJ1WMyFCwdji6zP32A1OaJ/GtGacskGQQ84hTYqx0f13Hvo8GddwrVzy35uVA2PXmxHOry0oFFmj2yh9+P6GZZLGhgmjdxV5qgglRhlPBpiU/0ywldEQGrGtpTCTTwWR28BSdWKWPokTZig2aqT8nJkRqPZah7ZTEDPVvLxf/8rqZiWrBhMdpZlhM54uiTCCToPx71OeKUSPGlhCquL0V0SFRhBqbUcmG8P37/6R95uKqi/FNtdK4WORRhCM4hlPAcA4NuIImtICChEd4hhdHOU/Oq/M2by04i5lDWILz/gWuAo9/</latexit>

J = 1

g = 1
<latexit sha1_base64="PhlfNRbjKwbmQlwz/gQjw9krvq8=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BIvgackuC9qDUPTiSSpYW2iXkk2zbWiSXZKsUJb+BS8eFMSrP8ib/8ZsW4qKPhh4vDfDzLwo5UwbhD6d0srq2vpGebOytb2zu1fdP7jXSaYIbZGEJ6oTYU05k7RlmOG0kyqKRcRpOxpfFX77gSrNEnlnJikNBR5KFjOCTSHdXPioX60hN0AWAfRcNANEbr1e95G/VGpggWa/+tEbJCQTVBrCsdZdD6UmzLEyjHA6rfQyTVNMxnhIu5ZKLKgO89mtU3hilQGME2VLGjhTv0/kWGg9EZHtFNiM9G+vEP/yupmJz8OcyTQzVJL5ojjj0CSweBwOmKLE8IklmChmb4VkhBUmxsZTsSEsf/+ftH3XC1zPuw1qjctFHmVwBI7BKfDAGWiAa9AELUDACDyCZ/DiCOfJeXXe5q0lZzFzCH7Aef8C1+CN8A==</latexit>

N = 20
<latexit sha1_base64="KQdfxZ2k2CDflHT8yZliDiZoHns=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjLDaNuFUHTjSipYK7RjyaSZNjSTGZNMoQz9DjcuFMSt/+LOvzF9UFT0wIXDOfdy7z1BwpnSCH1auaXlldW1/HphY3Nre6e4u3er4lQS2iAxj+VdgBXlTNCGZprTu0RSHAWcNoPBxcRvDqlULBY3epRQP8I9wUJGsDaS795nV+MzB3mVk/Jpp1hCtocMPOjYaAqI7Gq16iJ3oZTAHPVO8aPdjUkaUaEJx0q1HJRoP8NSM8LpuNBOFU0wGeAebRkqcESVn02PHsMjo3RhGEtTQsOp+n0iw5FSoygwnRHWffXbm4h/ea1UhxU/YyJJNRVktihMOdQxnCQAu0xSovnIEEwkM7dC0scSE21yKpgQFr//T5qu7Xi241x7pdr5PI88OACH4Bg4oAxq4BLUQQMQ8AAewTN4sYbWk/Vqvc1ac9Z8Zh/8gPX+BSdIkN8=</latexit>

2N = 1048576
<latexit sha1_base64="ngF0xTD6yjsRIIa1nCYYKc7tsdE=">AAAB/3icdVDLSsNAFJ34rPUVFVduBovgKk5CQLsoFHXhSipYW2hjmEyn7dDJg5mJWELAX3HjQkHc+hvu/BunD4qKHrhwOOde7r0nSDiTCqFPY25+YXFpubBSXF1b39g0t7ZvZJwKQusk5rFoBlhSziJaV0xx2kwExWHAaSMYnI38xh0VksXRtRom1AtxL2JdRrDSkm/unvtZO8T3ecW5zS6PnLxiI8f1zRKyXKThQttCY0BklctlBzkzpQSmqPnmR7sTkzSkkSIcS9myUaK8DAvFCKd5sZ1KmmAywD3a0jTCIZVeNj4/hwda6cBuLHRFCo7V7xMZDqUchoHuDLHqy9/eSPzLa6Wqe+JlLEpSRSMyWdRNOVQxHGUBO0xQovhQE0wE07dC0scCE6UTK+oQZr//TxqOZbuWbV+5perpNI8C2AP74BDY4BhUwQWogTogIAOP4Bm8GA/Gk/FqvE1a54zpzA74AeP9C9gWlJM=</latexit>

Dmax = 2N/2 = 1024
<latexit sha1_base64="TQ1bJjlkfsYB65BXxdlz9BIauCA=">AAACBnicdVDLSgMxFM34rPVVdamLYBFcjZlxQLsQirpwJRWsLfRFJk3b0GRmSDJiGWbjxl9x40JB3PoN7vwb0wdFRQ9cOJxzL/fe40ecKY3QpzUzOze/sJhZyi6vrK6t5zY2b1QYS0LLJOShrPpYUc4CWtZMc1qNJMXC57Ti98+GfuWWSsXC4FoPItoQuBuwDiNYG6mV2zlvJXWB79ITt5lcHrhpXTEBHdRMDlHayuWR7SEDDzo2GgEiu1AouMidKnkwQamV+6i3QxILGmjCsVI1B0W6kWCpGeE0zdZjRSNM+rhLa4YGWFDVSEZfpHDPKG3YCaWpQMOR+n0iwUKpgfBNp8C6p357Q/EvrxbrznEjYUEUaxqQ8aJOzKEO4TAS2GaSEs0HhmAimbkVkh6WmGgTXNaEMP39f1JxbcezHefKyxdPJ3lkwDbYBfvAAUegCC5ACZQBAffgETyDF+vBerJerbdx64w1mdkCP2C9fwFvU5e0</latexit>

Dmax = 2N/2 ⇠ 1030
<latexit sha1_base64="4sR1l0a/lA051yp3UtjbhRbyUKk=">AAAB+3icdVDLSsNAFJ34rPWV6tLNYBFchUkoandFN66kgrWFNi2T6aQdOpmEmYlSYj7FjQsFceuPuPNvnD4oKnrgwuGce7n3niDhTGmEPq2l5ZXVtfXCRnFza3tn1y7t3ao4lYQ2SMxj2QqwopwJ2tBMc9pKJMVRwGkzGF1M/OYdlYrF4kaPE+pHeCBYyAjWRurZJa+bXeUdxSLoom52gvKeXUZOBRlUoOugKSByqtWqh7yFUgZz1Hv2R6cfkzSiQhOOlWq7KNF+hqVmhNO82EkVTTAZ4QFtGypwRJWfTU/P4ZFR+jCMpSmh4VT9PpHhSKlxFJjOCOuh+u1NxL+8dqrDMz9jIkk1FWS2KEw51DGc5AD7TFKi+dgQTCQzt0IyxBITbdIqmhAWv/9Pmp7jVhzXva6Ua+fzPArgAByCY+CCU1ADl6AOGoCAe/AInsGL9WA9Wa/W26x1yZrP7IMfsN6/AKcok24=</latexit>

2N ⇠ 1060
<latexit sha1_base64="oSSlUnKe2i9e+haAL/tU5RBHRNo=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbB05ItBe1BKHrxJBVcW2iXkk2zbWg2uyRZoSz9DV48KIhX/483/43pB0VFHww83pthZl6YCq4Nxp9OYWV1bX2juFna2t7Z3SvvH9zrJFOU+TQRiWqHRDPBJfMNN4K1U8VIHArWCkdXU7/1wJTmibwz45QFMRlIHnFKjJX8m4sqxr1yBbs1bFFDnotnQNit1+tVXF0qFVig2St/dPsJzWImDRVE646HUxPkRBlOBZuUuplmKaEjMmAdSyWJmQ7y2bETdGKVPooSZUsaNFO/T+Qk1noch7YzJmaof3tT8S+vk5noPMi5TDPDJJ0vijKBTIKmn6M+V4waMbaEUMXtrYgOiSLU2HxKNoTl7/+TVtX1aq7n3dYqjctFHkU4gmM4BQ/OoAHX0AQfKHB4hGd4caTz5Lw6b/PWgrOYOYQfcN6/AEa3jio=</latexit>

N = 200



BASIC ALGORITHMS
approximate action of local operators

local truncation

variational truncation

basis of most common evolution algorithms
disclaimer: 
also other 
algorithms 

exist



BASIC ALGORITHMS
local truncation: TEBD

=

=

recall canonical form

can be made explicit

A[k] = �[k]�[k]
<latexit sha1_base64="heQD5KQ3rYwj334j4b3tScAI9cE=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEVCUFCRakAgOMRaIPqQmV4zitVduJbAepirqz8CssDCDEyg+w8Te4bQZoOZKlc8+51/Y9QcKo0o7zbRWWlldW14rrpY3Nre0de3evpeJUYtLEMYtlJ0CKMCpIU1PNSCeRBPGAkXYwvJr47QciFY3FnR4lxOeoL2hEMdJG6tnli/usO/TH59414hzNCugxc0OYVz274lSdKeAicXNSATkaPfvLC2OcciI0Zkiprusk2s+Q1BQzMi55qSIJwkPUJ11DBeJE+dl0lzE8NEoIo1iaIzScqr8nMsSVGvHAdHKkB2rem4j/ed1UR2d+RkWSaiLw7KEoZVDHcBIMDKkkWLORIQhLav4K8QBJhLWJr2RCcOdXXiStWtU9rtZuTyr1yzyOIjgAZXAEXHAK6uAGNEATYPAInsEreLOerBfr3fqYtRasfGYf/IH1+QMA0JsI</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

Schmidt values

Vidal, PRL 2003, 2004

⇤[k] = �[k]2
<latexit sha1_base64="Dk6tPpzHLnWhSJO5JKhelHv+hYk=">AAACCHicdVBLSwMxGMz6rPW16tGDwSJ4Krutj3oQil48eKhgH7C7Ldk024Zms0uSFcrSoxf/ihcPinj1J3jz35i2K1TRgcBkZj6Sb/yYUaks69OYm19YXFrOreRX19Y3Ns2t7YaMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/cHl2G/eESFpxG/VMCZeiHqcBhQjpaWOuede63AXtVNn4I3OU5fNXEftUscsWMVjyz47saBVtCaYkIpdtqGdKQWQodYxP9xuhJOQcIUZktKxrVh5KRKKYkZGeTeRJEZ4gHrE0ZSjkEgvnSwyggda6cIgEvpwBSfq7ESKQimHoa+TIVJ9+dsbi395TqKCipdSHieKcDx9KEgYVBEctwK7VBCs2FAThAXVf4W4jwTCSneX1yV8bwr/J41S0S4XSzdHhepFVkcO7IJ9cAhscAqq4ArUQB1gcA8ewTN4MR6MJ+PVeJtG54xsZgf8gPH+BTJImhg=</latexit>
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Vidal, PRL 2003, 2004

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>



BASIC ALGORITHMS
local truncation: TEBD

Vidal, PRL 2003, 2004

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>



�̃
<latexit sha1_base64="e+n65/KTUZkVg791pinSOeBYU94=">AAAB+HicbVDLSsNAFL3xWeujVZdugkVwVZIq6LLoxmUF+4AmlMlk0g6dTMLMjVBDv8SNC0Xc+inu/BunbRbaemDgcM493DsnSAXX6Djf1tr6xubWdmmnvLu3f1CpHh51dJIpyto0EYnqBUQzwSVrI0fBeqliJA4E6wbj25nffWRK80Q+4CRlfkyGkkecEjTSoFrxkIuQ5Z4wmZBMB9WaU3fmsFeJW5AaFGgNql9emNAsZhKpIFr3XSdFPycKORVsWvYyzVJCx2TI+oZKEjPt5/PDp/aZUUI7SpR5Eu25+juRk1jrSRyYyZjgSC97M/E/r59hdO3nXKYZMkkXi6JM2JjYsxbskCtGUUwMIVRxc6tNR0QRiqarsinBXf7yKuk06u5FvXF/WWveFHWU4ARO4RxcuIIm3EEL2kAhg2d4hTfryXqx3q2PxeiaVWSO4Q+szx8nB5No</latexit>

BASIC ALGORITHMS
local truncation: TEBD

Vidal, PRL 2003, 2004

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

� �̃
<latexit sha1_base64="JLt+LOCkXg+l0Hg8gLHNx/8ysgw=">AAACAHicbVDLSsNAFJ3UV62vqgsXbgaL4KokVdBl0YUuK9gHNKHcTCbt0JkkzEyEErLxV9y4UMStn+HOv3HaZqGtBwYO55zLnXv8hDOlbfvbKq2srq1vlDcrW9s7u3vV/YOOilNJaJvEPJY9HxTlLKJtzTSnvURSED6nXX98M/W7j1QqFkcPepJQT8AwYiEjoI00qB653IQDcLGrGQ9o5t6CEJAPqjW7bs+Al4lTkBoq0BpUv9wgJqmgkSYclOo7dqK9DKRmhNO84qaKJkDGMKR9QyMQVHnZ7IAcnxolwGEszYs0nqm/JzIQSk2Eb5IC9EgtelPxP6+f6vDKy1iUpJpGZL4oTDnWMZ62gQMmKdF8YggQycxfMRmBBKJNZxVTgrN48jLpNOrOeb1xf1FrXhd1lNExOkFnyEGXqInuUAu1EUE5ekav6M16sl6sd+tjHi1Zxcwh+gPr8weozZZz</latexit>



�̃
<latexit sha1_base64="e+n65/KTUZkVg791pinSOeBYU94=">AAAB+HicbVDLSsNAFL3xWeujVZdugkVwVZIq6LLoxmUF+4AmlMlk0g6dTMLMjVBDv8SNC0Xc+inu/BunbRbaemDgcM493DsnSAXX6Djf1tr6xubWdmmnvLu3f1CpHh51dJIpyto0EYnqBUQzwSVrI0fBeqliJA4E6wbj25nffWRK80Q+4CRlfkyGkkecEjTSoFrxkIuQ5Z4wmZBMB9WaU3fmsFeJW5AaFGgNql9emNAsZhKpIFr3XSdFPycKORVsWvYyzVJCx2TI+oZKEjPt5/PDp/aZUUI7SpR5Eu25+juRk1jrSRyYyZjgSC97M/E/r59hdO3nXKYZMkkXi6JM2JjYsxbskCtGUUwMIVRxc6tNR0QRiqarsinBXf7yKuk06u5FvXF/WWveFHWU4ARO4RxcuIIm3EEL2kAhg2d4hTfryXqx3q2PxeiaVWSO4Q+szx8nB5No</latexit>

BASIC ALGORITHMS
local truncation: TEBD

Vidal, PRL 2003, 2004

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="nXDa1ro9aby2NgbsYvH6Ud8S1pM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r1/qJcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/VzmO+Q==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

�
<latexit sha1_base64="KR7Mt/phY1Kx38Up6egdPk98AOk=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIpylo0EYnqBqiZ4JK1DDeCdVPFMA4E6wTju5nfeWJK80Q+mknK/BiHkkecorFSpy9sNMRBperW3DnIKvEKUoUCzUHlqx8mNIuZNFSg1j3PTY2fozKcCjYt9zPNUqRjHLKepRJjpv18vu6UnFslJFGi7JOGzNXfEznGWk/iwCZjNCO97M3E/7xeZqIbP+cyzQyTdPFRlAliEjK7nYRcMWrExBKkittdCR2hQmpsQ2Vbgrd88ipp12veZa3+cFVt3BZ1lOAUzuACPLiGBtxDE1pAYQzP8ApvTuq8OO/OxyK65hQzJ/AHzucPPhOPgQ==</latexit>

� �̃
<latexit sha1_base64="JLt+LOCkXg+l0Hg8gLHNx/8ysgw=">AAACAHicbVDLSsNAFJ3UV62vqgsXbgaL4KokVdBl0YUuK9gHNKHcTCbt0JkkzEyEErLxV9y4UMStn+HOv3HaZqGtBwYO55zLnXv8hDOlbfvbKq2srq1vlDcrW9s7u3vV/YOOilNJaJvEPJY9HxTlLKJtzTSnvURSED6nXX98M/W7j1QqFkcPepJQT8AwYiEjoI00qB653IQDcLGrGQ9o5t6CEJAPqjW7bs+Al4lTkBoq0BpUv9wgJqmgkSYclOo7dqK9DKRmhNO84qaKJkDGMKR9QyMQVHnZ7IAcnxolwGEszYs0nqm/JzIQSk2Eb5IC9EgtelPxP6+f6vDKy1iUpJpGZL4oTDnWMZ62gQMmKdF8YggQycxfMRmBBKJNZxVTgrN48jLpNOrOeb1xf1FrXhd1lNExOkFnyEGXqInuUAu1EUE5ekav6M16sl6sd+tjHi1Zxcwh+gPr8weozZZz</latexit>

��1
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also possible in 
the TD limit



BASIC ALGORITHMS
global truncation
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Ne↵A = M
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TIME EVOLUTION WITH MPS



BASIC ALGORITHMS

Verstraete, García-Ripoll, Cirac, PRL 2004
Vidal, PRL 2003, 2004

U(t) ! [U(�)]M

TEBD
t-DMRG

| i =
X

i1...iN

tr(Ai1
1 Ai2

2 . . . AiN
N )|i1 . . . iN i

initial MPS

simulate time evolution



Verstraete, García-Ripoll, Cirac, PRL 2004
Vidal, PRL 2003, 2004

U(t) ! [U(�)]M

TEBD
t-DMRG

apply evolution step
H = He +Ho Suzuki-Trotter expansion

BASIC ALGORITHMS
simulate time evolution



Verstraete, García-Ripoll, Cirac, PRL 2004
Vidal, PRL 2003, 2004

U(t) ! [U(�)]M

TEBD
t-DMRG

apply evolution step
H = He +Ho Suzuki-Trotter expansion

BASIC ALGORITHMS
simulate time evolution



U(�) ⇡ e�iHe�e�iHo�

<latexit sha1_base64="s99YJ1+ha1GhMVFgwh6EfAbOKRI="></latexit>

Verstraete, García-Ripoll, Cirac, PRL 2004
Vidal, PRL 2003, 2004

U(t) ! [U(�)]M

TEBD
t-DMRG

apply evolution step
H = He +Ho

as local terms!

Suzuki-Trotter expansion

BASIC ALGORITHMS
simulate time evolution



U(�) ⇡ e�iHe�e�iHo�

<latexit sha1_base64="s99YJ1+ha1GhMVFgwh6EfAbOKRI="></latexit>

Verstraete, García-Ripoll, Cirac, PRL 2004
Vidal, PRL 2003, 2004

U(t) ! [U(�)]M

TEBD
t-DMRG

apply evolution step
H = He +Ho

as local terms!

Suzuki-Trotter expansion

MPOs

BASIC ALGORITHMS
simulate time evolution



discrete time

basic time evolution 
algorithms

U(t) ! [U(�)]M

initial MPS

<latexit sha1_base64="UMi1kkmKJDFD31d4TNlnvrYQt9s="></latexit>

U(�) ⇡ e�iHe�e�iHo�

Suzuki-Trotter expansion

TEBD, t-DMRG
Vidal, PRL 2003, 2004
Verstraete, García-Ripoll, Cirac, PRL 2004



discrete time

basic time evolution 
algorithms

U(t) ! [U(�)]M

initial MPS

<latexit sha1_base64="UMi1kkmKJDFD31d4TNlnvrYQt9s="></latexit>

U(�) ⇡ e�iHe�e�iHo�

Suzuki-Trotter expansion

TEBD, t-DMRG
Vidal, PRL 2003, 2004
Verstraete, García-Ripoll, Cirac, PRL 2004

truncate bond dimension



discrete time

basic time evolution 
algorithms

U(t) ! [U(�)]M

initial MPS

<latexit sha1_base64="UMi1kkmKJDFD31d4TNlnvrYQt9s="></latexit>

U(�) ⇡ e�iHe�e�iHo�

Suzuki-Trotter expansion

TEBD, t-DMRG
Vidal, PRL 2003, 2004
Verstraete, García-Ripoll, Cirac, PRL 2004

truncate bond dimension

iterate

compute observables

time evolved state 
approximated by MPS



BASIC ALGORITHMS
simulate time evolution

Verstraete, García-Ripoll, Cirac, PRL 2004
Vidal, PRL 2003, 2004TEBD

t-DMRG

compute 
observables

works for real and imaginary time
imaginary time for ground states, 
thermal equilibrium



BASIC ALGORITHMS
imaginary time evolution ⇒ ground state

<latexit sha1_base64="znWDxhfl0cF4+Gi3ItNPGdXMsck="></latexit>
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BASIC ALGORITHMS
imaginary time evolution ⇒ ground state



BASIC ALGORITHMS
simulate time evolution

TEBD
t-DMRG

compute 
observables

but out of equilibrium entanglement can grow fast!

works for real and imaginary time

Osborne, PRL 2006
Schuch et al., NJP 2008

imaginary time for ground states, 
thermal equilibrium



BASIC ALGORITHMS
real time dynamics
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ENTANGLEMENT AND TIME 
EVOLUTION



Entropy of evolved state may grow linearly
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2500 required bond for 
fixed precision

Osborne, PRL 2006
Schuch et al., NJP 2008

D ⇠ e↵t
bond 
dim

time

Dmax

Drequired

ENTANGLEMENT GROWTH

limits the simulation of 
out of equilibrium



many physical situations (in closed and 
open quantum systems) can be successfully 

studied!

Paeckel et al Ann. Phys. 2019

García-Ripoll, NJP 2006
Wall, Carr NJP 2012

short times, adiabatic, low 
energy can work well



SOME OTHER APPLICATIONS



MIXED STATES
open systems, thermal…



MIXED STATES

imaginary time evolution

unitary �(t) = U(t)�(0)U(t)†

non-unitary d�(t)
dt

= L(�)

equilibrium → thermal states

time-dependent → real time evolution

Verstraete et al., PRL 2004; Prosen, Znidaric PRL 2008
Cai, Barthel, PRL 2013, … 

similar problems…



THERMAL STATES



e��H = e��H1 =
⇣
e�

�
M H

⌘M

1
<latexit sha1_base64="rhRGkQrbvcwU+sp54Za9njneI6k="></latexit>

THERMAL STATES
Gibbs ensemble as imaginary time evolution

⇢� =
e��H

tr(e��H)
<latexit sha1_base64="ml3hJgJWzwAC6l2JxPKQiYqskv0=">AAACJHicbVDJSgNBEO1xjXGLevTSGAQ9GGaioCBC0EuOCsYEMjH0dGpMk56F7hohNPMxXvwVLx5c8ODFb7ETc3B7UPB4r4qqekEqhUbXfXempmdm5+YLC8XFpeWV1dLa+pVOMsWhwROZqFbANEgRQwMFSmilClgUSGgGg7OR37wFpUUSX+IwhU7EbmIRCs7QSt3Ssa/6Sdf4ASDLT/xQMW7g2uyNBVrPc+NHDPsqMqjyne/Obt4tld2KOwb9S7wJKZMJzrulF7+X8CyCGLlkWrc9N8WOYQoFl5AX/UxDyviA3UDb0phFoDtm/GROt63So2GibMVIx+r3CcMirYdRYDtHF+vf3kj8z2tnGB51jIjTDCHmX4vCTFJM6Cgx2hMKOMqhJYwrYW+lvM9sUGhzLdoQvN8v/yVX1Yq3X6leHJRrp5M4CmSTbJEd4pFDUiN1ck4ahJM78kCeyLNz7zw6r87bV+uUM5nZID/gfHwCMYGlug==</latexit>

goal: approximate as MPO

efficient! Hastings PRB 2006
Molnar et al PRB 2015

use Suzuki-Trotter expansion for exponential



THERMAL STATES
purification natural

e��H = e��H1 =
⇣
e�

�
M H

⌘M

1
<latexit sha1_base64="poIa49o8G0LFtmxpQFCN8xgFTZE="></latexit>

vectorize



THERMAL STATES
purification natural

e��H = e��H1 =
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M H

⌘M

1
<latexit sha1_base64="poIa49o8G0LFtmxpQFCN8xgFTZE="></latexit>

vectorize



THERMAL STATES
purification natural

e��H = e��H1 =
⇣
e�

�
M H

⌘M

1
<latexit sha1_base64="poIa49o8G0LFtmxpQFCN8xgFTZE="></latexit>

vectorize
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THERMAL STATES
purification natural

vectorize



THERMAL STATES
purification natural

vectorize

⇢(�) / ⇢(�/2)⇢(�/2)†
<latexit sha1_base64="hJksW6iKGBAZSICC0KphUqGsoAk=">AAACIXicbVDLSgMxFM34rPVVdekmWIR2U2eqYJdFNy4r2Ad0asmkd6ahmcmQZIQy9Ffc+CtuXCjSnfgzpg/Qth64cHLOveTe48WcKW3bX9ba+sbm1nZmJ7u7t39wmDs6biiRSAp1KriQLY8o4CyCumaaQyuWQEKPQ9Mb3E785hNIxUT0oIcxdEISRMxnlGgjdXMVV/ZFwfVAk6IbSxFrgX+li3Jx8fWYuj0SBCBH3VzeLtlT4FXizEkezVHr5sZuT9AkhEhTTpRqO3asOymRmlEOo6ybKIgJHZAA2oZGJATVSacXjvC5UXrYF9JUpPFU/TuRklCpYeiZzpDovlr2JuJ/XjvRfqWTsihONER09pGfcGximMSFe0wC1XxoCKGSmV0x7RNJqDahZk0IzvLJq6RRLjmXpfL9Vb56M48jg07RGSogB12jKrpDNVRHFD2jV/SOPqwX6836tMaz1jVrPnOCFmB9/wD6e6LH</latexit>



combining real time evolution can compute thermal 
response functions Barthel, NJP 2013

THERMAL STATES
purification natural

vectorize

alternative method: METTS White, PRL 2009
Binder, Barthel, PRB 2015

⇢(�) / ⇢(�/2)⇢(�/2)†
<latexit sha1_base64="hJksW6iKGBAZSICC0KphUqGsoAk=">AAACIXicbVDLSgMxFM34rPVVdekmWIR2U2eqYJdFNy4r2Ad0asmkd6ahmcmQZIQy9Ffc+CtuXCjSnfgzpg/Qth64cHLOveTe48WcKW3bX9ba+sbm1nZmJ7u7t39wmDs6biiRSAp1KriQLY8o4CyCumaaQyuWQEKPQ9Mb3E785hNIxUT0oIcxdEISRMxnlGgjdXMVV/ZFwfVAk6IbSxFrgX+li3Jx8fWYuj0SBCBH3VzeLtlT4FXizEkezVHr5sZuT9AkhEhTTpRqO3asOymRmlEOo6ybKIgJHZAA2oZGJATVSacXjvC5UXrYF9JUpPFU/TuRklCpYeiZzpDovlr2JuJ/XjvRfqWTsihONER09pGfcGximMSFe0wC1XxoCKGSmV0x7RNJqDahZk0IzvLJq6RRLjmXpfL9Vb56M48jg07RGSogB12jKrpDNVRHFD2jV/SOPqwX6836tMaz1jVrPnOCFmB9/wD6e6LH</latexit>



OPEN SYSTEMS



Real-time evolution produces 
a steady state

We can approximate it as a MPO

d�(t)
dt

= L(�)

fixed point of 
Liouvillian map

L(�S) = 0

García-Ripoll et al., Zwolak,  Prosen, ...

dissipative QPT
dissipative QC

simulating long 
time evolution

variationally

~imaginary time evolution
~DMRG

non-unitary dynamics

Cui et al., PRL114, (2015)
Mascarenhas et al., PRA92 (2015)

OPEN SYSTEMS

http://arxiv.org/abs/1412.5746


OPEN SYSTEMS
non-unitary dynamics

Dynamics determined by Liouvillian

d�

dt
= L(�) L̂

L̂|�� = 0

vectorize |��
superoperator L̂

|��

fixed point of evolution
NESS

|⇢(t)i = eLt|⇢(0)i
<latexit sha1_base64="NNLH7k7E+KvSi2xNQ1Bv3DANRYg=">AAACGHicbVDLSgNBEJz1GeMr6tHLYhDiJe5GQS9C0IsHDxHMA7IxzE46yZDZ2WWmVwhrPsOLv+LFgyJec/NvnDwETSxoKKq66e7yI8E1Os6XtbC4tLyymlpLr29sbm1ndnYrOowVgzILRahqPtUguIQychRQixTQwBdQ9XtXI7/6AErzUN5hP4JGQDuStzmjaKRm5vjRU90wh0eeorIj4ALuEy+g2GVUJDcDHEx858dvZrJO3hnDnifulGTJFKVmZui1QhYHIJEJqnXddSJsJFQhZwIGaS/WEFHWox2oGyppALqRjB8b2IdGadntUJmSaI/V3xMJDbTuB77pHN2sZ72R+J9Xj7F93ki4jGIEySaL2rGwMbRHKdktroCh6BtCmeLmVpt1qaIMTZZpE4I7+/I8qRTy7km+cHuaLV5O40iRfXJAcsQlZ6RIrkmJlAkjT+SFvJF369l6tT6sz0nrgjWd2SN/YA2/AWZmoJ0=</latexit>



SOME ALTERNATIVES FOR 
REAL TIME EVOLUTION

avoid representing the 
state as MPS



ALTERNATIVELY...
time dependent 

observables as TN

TN describe 
observables, not 

states

problem is contracting 
the network

exact contraction 
not possible

#P completekey: entanglement in TN



|�(t)�

��(t)|

��(t)|O|�(t)�

OBSERVABLE AS TN
tim

e

space



(
<latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit>

)
<latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit>

tensor networks may describe partition 
functions (observables)

need to 
contract a TN

Nishino, JPSJ 1995
Levin & Wen PRL 2008

 Xie et al PRL2009; Zhao et al PRB 2010

TRG approaches



(
<latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit>

)
<latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit>

tensor networks may describe partition 
functions (observables)

need to 
contract a TN

Nishino, JPSJ 1995
Levin & Wen PRL 2008

 Xie et al PRL2009; Zhao et al PRB 2010

TRG approaches



intuition: model free propagating excitations

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

OBSERVABLE AS TN



Toy Tensor Network model helps to 
understand entanglement in the network



TOY MODEL TN

|�� |r�

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

|�� |r�

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

|�� |r�

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

|�� |r�

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

|�� � |0�+ |0� � |r�



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



TOY MODEL TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012



Vidal, PRL 2003, PRL 2007
White, Feiguin, PRL 2004
Daley et al., 2004
Haegeman et al., 2011

evolving the (pure state) ansatz

entanglement can grow fast! Osborne, PRL 2006
Schuch et al., NJP 2008

evolving operators: Heisenberg picture

operator space entanglement

Hartmann et al, PRL 2009

also for mixed states

Prosen Pizorn, PRL 2008
observables as TN to contract

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes et al., NJP 2012
Hastings, Mahajan 2014
Frías-Pérez, MCB 2201.08402

different entanglement quantities

various evolution algorithms



THERMALIZATION
a question we would like to solve



THERMALIZATION
Closed quantum system initialized out of equilibrium

does it thermalize?
do local observables 

reach thermal 
equilibrium values?

predicted by 
statistical mechanics?

independent of 
details of initial state?

analytical techniques: exactly solvable systems
GGE

Rigol et al. PRL 2007
Cramer et al. PRL 2008
Calabrese et al. PRL 2011
Ilievski et al. PRL 2015



THERMALIZATION
Closed quantum system initialized out of equilibrium

does it thermalize?
do local observables 

reach thermal 
equilibrium values?

predicted by 
statistical mechanics?

independent of 
details of initial state?

non-integrable systems
ETH mechanism
time scales?

numerical 
simulations of real 

time evolutionDeutsch PRA91
Srednicki PRE94
Rigol et al. Nature 2008



product state

easy to write as MPS

thermal states

well approximated as MPO

S(t) / t
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t = 0
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Dmin(t) ⇠ e↵t
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entanglement 
barrier

global quench 
in 1D

work in 
progress!

some recent progress

TNS challenge: 
getting around this 
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local 
observables
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Dubai JPhysA 2017
Leviatan et al. 2017
White et al PRB 2018
Surace et al. 2018

Yang et al. PRL 2020
Lui et al PRX Quantum 2021
Frías-Pérez, MCB 2201.08402



to conclude…

TNS: (quantum inspired) methods to describe quantum many-
body systems

NOTES:

efficient algorithms to find ground states, thermal states

simulating time evolution/arbitrary quantum circuits requires 
truncation ⇒ limited
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