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introducing Tensor Network 
States

basic numerical techniques (for 
QMB systems)

In this tutorial…



In this session…

Tensor networks? What? Why?

MPS, MPO

PEPS

others



What are tensor networks?



WHAT ARE  TNS?

Context: quantum many body systems

• TNS = Tensor Network States

N

interacting with each 
other

Goal: describe 
equilibrium states

ground, thermal states
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WHAT ARE  TNS?

Context: quantum many body systems

• TNS = Tensor Network States

N

interacting with each 
other

ground, thermal states
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Goal: describe 
interesting states



(
<latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit>

)
<latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit>

pictorial representation



pictorial representation

tensor = multidimensional array

T
<latexit sha1_base64="wuUeoCr40AnIpr753sXMM0828Vs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukVSl7V+VK/bpUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPsPeM3A==</latexit>

{Ti1i2,j1j2,k1k2k3,p}{i,j,k,p}
<latexit sha1_base64="Z88SrsOzay37u+bgFi4nw0Dy13Y=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VwEUrSKrosunFZoS9oQphMJ+00kwczE6GEfIkbf8WNC0UEV/o3TtsstPXA5R7OuZeZe7yEUSFN81srra1vbG6Vtys7u3v7B/rhUVfEKcekg2MW876HBGE0Ih1JJSP9hBMUeoz0vOB25vceCBc0jtpymhAnRKOI+hQjqSRXv7SztptR14LUrRsT1Seqw0CRwK2rahgwye3czeyMGhMjMBI7z129atbMOeAqsQpSBQVarv5pD2OchiSSmCEhBpaZSCdDXFLMSF6xU0EShAM0IgNFIxQS4WTz83J4ppQh9GOuKpJwrv7eyFAoxDT01GSI5FgsezPxP2+QSv/ayWiUpJJEePGQnzIoYzjLCg4pJ1iyqSIIc6r+CvEYcYSlSrSiQrCWT14l3XrNatTq9xfV5k0RRxmcgFNwDixwBZrgDrRAB2DwCJ7BK3jTnrQX7V37WIyWtGLnGPyB9vUD4sSf5Q==</latexit>

i1

j1

i2

j2

k1 k2 k3

p



pictorial representation

v
<latexit sha1_base64="gfGd9lilLkuqmwOX+dBCP3vq/yw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZpaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+7nfGqPSPJaPZpKgH9GB5CFn1FipPu4VS27ZXYCsEy8jJchQ6xW/uv2YpRFKwwTVuuO5ifGnVBnOBM4K3VRjQtmIDrBjqaQRan+6OHRGLqzSJ2GsbElDFurviSmNtJ5Ege2MqBnqVW8u/ud1UhPe+lMuk9SgZMtFYSqIicn8a9LnCpkRE0soU9zeStiQKsqMzaZgQ/BWX14nzUrZuypX6tel6l0WRx7O4BwuwYMbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AOR/jP4=</latexit>vector vi

<latexit sha1_base64="vWSC4V0BJ9QsOnJdAOZS13qk5YI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnu8Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj91Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+5v0uUJmxMQSyhS3txI2pIoyY9Mp2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwBe0o3a</latexit>

i = 1, . . . D
<latexit sha1_base64="IM3Et++qsOJU8EFlaUc8GMNNg9E=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuhFKOrBYwX7Ad2lZLNpG5pNliQrlKV/w4sHRbz6Z7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLK6tr5R3Cxtbe/s7pX3D1paporQJpFcqk6INeVM0KZhhtNOoiiOQ07b4eh26refqNJMikczTmgQ44FgfUawsZLPrr0zn0fSaHTXK1fcqjsDWiZeTiqQo9Erf/mRJGlMhSEca9313MQEGVaGEU4nJT/VNMFkhAe0a6nAMdVBNrt5gk6sEqG+VLaEQTP190SGY63HcWg7Y2yGetGbiv953dT0r4KMiSQ1VJD5on7KkZFoGgCKmKLE8LElmChmb0VkiBUmxsZUsiF4iy8vk1at6p1Xaw8XlfpNHkcRjuAYTsGDS6jDPTSgCQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwDKipDf</latexit>

i
<latexit sha1_base64="Hfcb0nDKBkNaEN14i+OcLYX1USk=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPQ0/iEm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeFwuuNMYf1tLyyuraemGjuLm1vbNb2ttvqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43uZ77nXsmFY/CWz2NmRuQUch9Tok2UpMPSmVsn2Hn8hwjbOMMGak5VQc5uVKGHI1B6b0/jGgSsFBTQZTqOTjWbkqk5lSwWbGfKBYTOiEj1jM0JAFTbpodOkPHRhkiP5KmQo0y9ftESgKlpoFnOgOix+q3Nxf/8nqJ9mtuysM40Syki0V+IpCO0PxrNOSSUS2mhhAqubkV0TGRhGqTTdGE8PUp+p+0K7ZTtSvN03L9Ko+jAIdwBCfgwAXU4QYa0AIKDB7gCZ6tO+vRerFeF61LVj5zAD9gvX0CAlONEw==</latexit>

i
<latexit sha1_base64="Hfcb0nDKBkNaEN14i+OcLYX1USk=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPQ0/iEm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeFwuuNMYf1tLyyuraemGjuLm1vbNb2ttvqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43uZ77nXsmFY/CWz2NmRuQUch9Tok2UpMPSmVsn2Hn8hwjbOMMGak5VQc5uVKGHI1B6b0/jGgSsFBTQZTqOTjWbkqk5lSwWbGfKBYTOiEj1jM0JAFTbpodOkPHRhkiP5KmQo0y9ftESgKlpoFnOgOix+q3Nxf/8nqJ9mtuysM40Syki0V+IpCO0PxrNOSSUS2mhhAqubkV0TGRhGqTTdGE8PUp+p+0K7ZTtSvN03L9Ko+jAIdwBCfgwAXU4QYa0AIKDB7gCZ6tO+vRerFeF61LVj5zAD9gvX0CAlONEw==</latexit>

j
<latexit sha1_base64="5Hj9kiA3vXeHsYwJbawQaUAv37Q=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnoSl3gLevGYgFkgGUJPpyfppGehu0cIIV/gxYMiXv0kb/6NnckIKvqg4PFeFVX1vFhwpTH+sHIrq2vrG/nNwtb2zu5ecf+gpaJEUtakkYhkxyOKCR6ypuZasE4sGQk8wdre5Gbht++ZVDwK7/Q0Zm5AhiH3OSXaSI1xv1jC9jl2ri4wwjZOkZKqU3GQkyklyFDvF997g4gmAQs1FUSproNj7c6I1JwKNi/0EsViQidkyLqGhiRgyp2lh87RiVEGyI+kqVCjVP0+MSOBUtPAM50B0SP121uIf3ndRPtVd8bDONEspMtFfiKQjtDiazTgklEtpoYQKrm5FdERkYRqk03BhPD1KfqftMq2U7HLjbNS7TqLIw9HcAyn4MAl1OAW6tAECgwe4AmerbH1aL1Yr8vWnJXNHMIPWG+fA9eNFA==</latexit> �ij

<latexit sha1_base64="HzPhRcmvxKvnMd7IxOPV3i/G9bE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWw2m3btZjfsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPx7czvPjFtuJIPMElZkJCh5DGnBKzk9yMmgAxy/jgdVGtu3Z0DrxKvIDVUoDWofvUjRbOESaCCGON7bgpBTjRwKti00s8MSwkdkyHzLZUkYSbI5ydP8ZlVIhwrbUsCnqu/J3KSGDNJQtuZEBiZZW8m/uf5GcTXQc5lmgGTdLEozgQGhWf/44hrRkFMLCFUc3srpiOiCQWbUsWG4C2/vEo6jbp3UW/cX9aaN0UcZXSCTtE58tAVaqI71EJtRJFCz+gVvTngvDjvzseiteQUM8foD5zPH6OfkXw=</latexit>

a special 
case

M
<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>matrix i

<latexit sha1_base64="Hfcb0nDKBkNaEN14i+OcLYX1USk=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPQ0/iEm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeFwuuNMYf1tLyyuraemGjuLm1vbNb2ttvqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43uZ77nXsmFY/CWz2NmRuQUch9Tok2UpMPSmVsn2Hn8hwjbOMMGak5VQc5uVKGHI1B6b0/jGgSsFBTQZTqOTjWbkqk5lSwWbGfKBYTOiEj1jM0JAFTbpodOkPHRhkiP5KmQo0y9ftESgKlpoFnOgOix+q3Nxf/8nqJ9mtuysM40Syki0V+IpCO0PxrNOSSUS2mhhAqubkV0TGRhGqTTdGE8PUp+p+0K7ZTtSvN03L9Ko+jAIdwBCfgwAXU4QYa0AIKDB7gCZ6tO+vRerFeF61LVj5zAD9gvX0CAlONEw==</latexit>

j
<latexit sha1_base64="5Hj9kiA3vXeHsYwJbawQaUAv37Q=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnoSl3gLevGYgFkgGUJPpyfppGehu0cIIV/gxYMiXv0kb/6NnckIKvqg4PFeFVX1vFhwpTH+sHIrq2vrG/nNwtb2zu5ecf+gpaJEUtakkYhkxyOKCR6ypuZasE4sGQk8wdre5Gbht++ZVDwK7/Q0Zm5AhiH3OSXaSI1xv1jC9jl2ri4wwjZOkZKqU3GQkyklyFDvF997g4gmAQs1FUSproNj7c6I1JwKNi/0EsViQidkyLqGhiRgyp2lh87RiVEGyI+kqVCjVP0+MSOBUtPAM50B0SP121uIf3ndRPtVd8bDONEspMtFfiKQjtDiazTgklEtpoYQKrm5FdERkYRqk03BhPD1KfqftMq2U7HLjbNS7TqLIw9HcAyn4MAl1OAW6tAECgwe4AmerbH1aL1Yr8vWnJXNHMIPWG+fA9eNFA==</latexit> Mij

<latexit sha1_base64="7ID37gJczDnwwkninT3RkkHeU9c=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXrwIFewHtEvJptk2bTZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOJreZ336iSjMpHs00pn6Eh4KFjGBjpdZ9P2XjWb9ccavuHGiVeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFbqJZrGmEzwkHYtFTii2k/n187QmVUGKJTKljBorv6eSHGk9TQKbGeEzUgve5n4n9dNTHjtp0zEiaGCLBaFCUdGoux1NGCKEsOnlmCimL0VkRFWmBgbUMmG4C2/vEpatap3Ua09XFbqN3kcRTiBUzgHD66gDnfQgCYQGMMzvMKbI50X5935WLQWnHzmGP7A+fwBrHGPMQ==</latexit>

i = 1, . . . D1
<latexit sha1_base64="GNWAs3jfwzk+fNrC3PYaI/lhlEs=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuhFKOrBYwX7Ae1astm0Dc0mS5JVytL/4cWDIl79L978N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0tE0VonUguVSvAmnImaN0ww2krVhRHAafNYHg98ZuPVGkmxb0ZxdSPcF+wHiPYWOmBXXonHR5Ko9FN1+sWS27ZnQItEi8jJchQ6xa/OqEkSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUoEjqv10evUYHVklRD2pbAmDpurviRRHWo+iwHZG2Az0vDcR//Paield+CkTcWKoILNFvYQjI9EkAhQyRYnhI0swUczeisgAK0yMDapgQ/DmX14kjUrZOy1X7s5K1assjjwcwCEcgwfnUIVbqEEdCCh4hld4c56cF+fd+Zi15pxsZh/+wPn8AfcAkYM=</latexit>

j = 1, . . . D2
<latexit sha1_base64="LDsp8bL8e2qiX+2iwj8LVWJVCv0=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8SNiNgl6EoB48RjAPSNYwOzubjJmdWWZmlbDkP7x4UMSr/+LNv3HyOGhiQUNR1U13V5Bwpo3rfjsLi0vLK6u5tfz6xubWdmFnt65lqgitEcmlagZYU84ErRlmOG0miuI44LQR9K9GfuORKs2kuDODhPox7goWMYKNle4fLrzjNg+l0ei6U+4Uim7JHQPNE29KijBFtVP4aoeSpDEVhnCsdctzE+NnWBlGOB3m26mmCSZ93KUtSwWOqfaz8dVDdGiVEEVS2RIGjdXfExmOtR7Ege2MsenpWW8k/ue1UhOd+xkTSWqoIJNFUcqRkWgUAQqZosTwgSWYKGZvRaSHFSbGBpW3IXizL8+TernknZTKt6fFyuU0jhzswwEcgQdnUIEbqEINCCh4hld4c56cF+fd+Zi0LjjTmT34A+fzB/oVkYU=</latexit>

i
<latexit sha1_base64="Hfcb0nDKBkNaEN14i+OcLYX1USk=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPQ0/iEm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeFwuuNMYf1tLyyuraemGjuLm1vbNb2ttvqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43uZ77nXsmFY/CWz2NmRuQUch9Tok2UpMPSmVsn2Hn8hwjbOMMGak5VQc5uVKGHI1B6b0/jGgSsFBTQZTqOTjWbkqk5lSwWbGfKBYTOiEj1jM0JAFTbpodOkPHRhkiP5KmQo0y9ftESgKlpoFnOgOix+q3Nxf/8nqJ9mtuysM40Syki0V+IpCO0PxrNOSSUS2mhhAqubkV0TGRhGqTTdGE8PUp+p+0K7ZTtSvN03L9Ko+jAIdwBCfgwAXU4QYa0AIKDB7gCZ6tO+vRerFeF61LVj5zAD9gvX0CAlONEw==</latexit>

j
<latexit sha1_base64="5Hj9kiA3vXeHsYwJbawQaUAv37Q=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnoSl3gLevGYgFkgGUJPpyfppGehu0cIIV/gxYMiXv0kb/6NnckIKvqg4PFeFVX1vFhwpTH+sHIrq2vrG/nNwtb2zu5ecf+gpaJEUtakkYhkxyOKCR6ypuZasE4sGQk8wdre5Gbht++ZVDwK7/Q0Zm5AhiH3OSXaSI1xv1jC9jl2ri4wwjZOkZKqU3GQkyklyFDvF997g4gmAQs1FUSproNj7c6I1JwKNi/0EsViQidkyLqGhiRgyp2lh87RiVEGyI+kqVCjVP0+MSOBUtPAM50B0SP121uIf3ndRPtVd8bDONEspMtFfiKQjtDiazTgklEtpoYQKrm5FdERkYRqk03BhPD1KfqftMq2U7HLjbNS7TqLIw9HcAyn4MAl1OAW6tAECgwe4AmerbH1aL1Yr8vWnJXNHMIPWG+fA9eNFA==</latexit>

k
<latexit sha1_base64="VcBIr8Bmq0UnDLGurqrG0Y05g2M=">AAAB6HicdVDLSsNAFL3xWeur6tLNYBFchaT1UXdFNy5bsA9oQ5lMJ+3YySTMTIQS+gVuXCji1k9y5984TSOo6IELh3Pu5d57/JgzpR3nw1paXlldWy9sFDe3tnd2S3v7bRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k+u537mnUrFI3OppTL0QjwQLGMHaSM3JoFR27DPHvTx3kGM7GTJSc6sucnOlDDkag9J7fxiRJKRCE46V6rlOrL0US80Ip7NiP1E0xmSCR7RnqMAhVV6aHTpDx0YZoiCSpoRGmfp9IsWhUtPQN50h1mP125uLf3m9RAc1L2UiTjQVZLEoSDjSEZp/jYZMUqL51BBMJDO3IjLGEhNtsimaEL4+Rf+TdsV2q3aleVquX+VxFOAQjuAEXLiAOtxAA1pAgMIDPMGzdWc9Wi/W66J1ycpnDuAHrLdPBVuNFQ==</latexit>



v
<latexit sha1_base64="gfGd9lilLkuqmwOX+dBCP3vq/yw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZpaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+7nfGqPSPJaPZpKgH9GB5CFn1FipPu4VS27ZXYCsEy8jJchQ6xW/uv2YpRFKwwTVuuO5ifGnVBnOBM4K3VRjQtmIDrBjqaQRan+6OHRGLqzSJ2GsbElDFurviSmNtJ5Ege2MqBnqVW8u/ud1UhPe+lMuk9SgZMtFYSqIicn8a9LnCpkRE0soU9zeStiQKsqMzaZgQ/BWX14nzUrZuypX6tel6l0WRx7O4BwuwYMbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AOR/jP4=</latexit>vector

contractions

vi
<latexit sha1_base64="vWSC4V0BJ9QsOnJdAOZS13qk5YI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnu8Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj91Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+5v0uUJmxMQSyhS3txI2pIoyY9Mp2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwBe0o3a</latexit>

i = 1, . . . D
<latexit sha1_base64="IM3Et++qsOJU8EFlaUc8GMNNg9E=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuhFKOrBYwX7Ad2lZLNpG5pNliQrlKV/w4sHRbz6Z7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLK6tr5R3Cxtbe/s7pX3D1paporQJpFcqk6INeVM0KZhhtNOoiiOQ07b4eh26refqNJMikczTmgQ44FgfUawsZLPrr0zn0fSaHTXK1fcqjsDWiZeTiqQo9Erf/mRJGlMhSEca9313MQEGVaGEU4nJT/VNMFkhAe0a6nAMdVBNrt5gk6sEqG+VLaEQTP190SGY63HcWg7Y2yGetGbiv953dT0r4KMiSQ1VJD5on7KkZFoGgCKmKLE8LElmChmb0VkiBUmxsZUsiF4iy8vk1at6p1Xaw8XlfpNHkcRjuAYTsGDS6jDPTSgCQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwDKipDf</latexit>

i
<latexit sha1_base64="Hfcb0nDKBkNaEN14i+OcLYX1USk=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPQ0/iEm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeFwuuNMYf1tLyyuraemGjuLm1vbNb2ttvqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43uZ77nXsmFY/CWz2NmRuQUch9Tok2UpMPSmVsn2Hn8hwjbOMMGak5VQc5uVKGHI1B6b0/jGgSsFBTQZTqOTjWbkqk5lSwWbGfKBYTOiEj1jM0JAFTbpodOkPHRhkiP5KmQo0y9ftESgKlpoFnOgOix+q3Nxf/8nqJ9mtuysM40Syki0V+IpCO0PxrNOSSUS2mhhAqubkV0TGRhGqTTdGE8PUp+p+0K7ZTtSvN03L9Ko+jAIdwBCfgwAXU4QYa0AIKDB7gCZ6tO+vRerFeF61LVj5zAD9gvX0CAlONEw==</latexit>

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

j
<latexit sha1_base64="5Hj9kiA3vXeHsYwJbawQaUAv37Q=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnoSl3gLevGYgFkgGUJPpyfppGehu0cIIV/gxYMiXv0kb/6NnckIKvqg4PFeFVX1vFhwpTH+sHIrq2vrG/nNwtb2zu5ecf+gpaJEUtakkYhkxyOKCR6ypuZasE4sGQk8wdre5Gbht++ZVDwK7/Q0Zm5AhiH3OSXaSI1xv1jC9jl2ri4wwjZOkZKqU3GQkyklyFDvF997g4gmAQs1FUSproNj7c6I1JwKNi/0EsViQidkyLqGhiRgyp2lh87RiVEGyI+kqVCjVP0+MSOBUtPAM50B0SP121uIf3ndRPtVd8bDONEspMtFfiKQjtDiazTgklEtpoYQKrm5FdERkYRqk03BhPD1KfqftMq2U7HLjbNS7TqLIw9HcAyn4MAl1OAW6tAECgwe4AmerbH1aL1Yr8vWnJXNHMIPWG+fA9eNFA==</latexit>

uj
<latexit sha1_base64="DXqRJ3zOBRJLPzKhdB02FafrUco=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpPu099kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AFe0I3a</latexit>

j = 1, . . . D
<latexit sha1_base64="pBFim1vWiKFA7TcMlO4er/i8stU=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4kLJbBb0IRT14rGA/oLuUbDZtY7PJkmSFsvRvePGgiFf/jDf/jWm7B219MPB4b4aZeWHCmTau++0sLa+srq0XNoqbW9s7u6W9/aaWqSK0QSSXqh1iTTkTtGGY4bSdKIrjkNNWOLyZ+K0nqjST4sGMEhrEuC9YjxFsrOQ/XnmnPo+k0ei2Wyq7FXcKtEi8nJQhR71b+vIjSdKYCkM41rrjuYkJMqwMI5yOi36qaYLJEPdpx1KBY6qDbHrzGB1bJUI9qWwJg6bq74kMx1qP4tB2xtgM9Lw3Ef/zOqnpXQYZE0lqqCCzRb2UIyPRJAAUMUWJ4SNLMFHM3orIACtMjI2paEPw5l9eJM1qxTurVO/Py7XrPI4CHMIRnIAHF1CDO6hDAwgk8Ayv8Oakzovz7nzMWpecfOYA/sD5/AHMGZDg</latexit>

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

v
<latexit sha1_base64="gfGd9lilLkuqmwOX+dBCP3vq/yw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZpaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj+7nfGqPSPJaPZpKgH9GB5CFn1FipPu4VS27ZXYCsEy8jJchQ6xW/uv2YpRFKwwTVuuO5ifGnVBnOBM4K3VRjQtmIDrBjqaQRan+6OHRGLqzSJ2GsbElDFurviSmNtJ5Ege2MqBnqVW8u/ud1UhPe+lMuk9SgZMtFYSqIicn8a9LnCpkRE0soU9zeStiQKsqMzaZgQ/BWX14nzUrZuypX6tel6l0WRx7O4BwuwYMbqMID1KABDBCe4RXenCfnxXl3PpatOSebOYU/cD5/AOR/jP4=</latexit> v · u =

X

i

viui

<latexit sha1_base64="J7VxjrM+EKjdj/O7USXl6B+Tn+I=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkCroRim5cVrAPaEKYTCbt0MlMmEehlG78FTcuFHHrZ7jzb5y2WWjrgQuHc+7l3nvinFGlPe/bWVldW9/YLG2Vt3d29/bdg8OWEkZi0sSCCdmJkSKMctLUVDPSySVBWcxIOx7cTf32kEhFBX/Uo5yEGepxmlKMtJUi93gY4ERoaG4CZbKIwqEtE9HIrXhVbwa4TPyCVECBRuR+BYnAJiNcY4aU6vpersMxkppiRiblwCiSIzxAPdK1lKOMqHA8e2ACz6ySwFRIW1zDmfp7YowypUZZbDszpPtq0ZuK/3ldo9PrcEx5bjTheL4oNQxqAadpwIRKgjUbWYKwpPZWiPtIIqxtZmUbgr/48jJp1ar+RbX2cFmp3xZxlMAJOAXnwAdXoA7uQQM0AQYT8AxewZvz5Lw4787HvHXFKWaOwB84nz8dEJYX</latexit>

vector-vector



contractions

j = 1, . . . D2
<latexit sha1_base64="LDsp8bL8e2qiX+2iwj8LVWJVCv0=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8SNiNgl6EoB48RjAPSNYwOzubjJmdWWZmlbDkP7x4UMSr/+LNv3HyOGhiQUNR1U13V5Bwpo3rfjsLi0vLK6u5tfz6xubWdmFnt65lqgitEcmlagZYU84ErRlmOG0miuI44LQR9K9GfuORKs2kuDODhPox7goWMYKNle4fLrzjNg+l0ei6U+4Uim7JHQPNE29KijBFtVP4aoeSpDEVhnCsdctzE+NnWBlGOB3m26mmCSZ93KUtSwWOqfaz8dVDdGiVEEVS2RIGjdXfExmOtR7Ege2MsenpWW8k/ue1UhOd+xkTSWqoIJNFUcqRkWgUAQqZosTwgSWYKGZvRaSHFSbGBpW3IXizL8+TernknZTKt6fFyuU0jhzswwEcgQdnUIEbqEINCCh4hld4c56cF+fd+Zi0LjjTmT34A+fzB/oVkYU=</latexit>

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

j
<latexit sha1_base64="5Hj9kiA3vXeHsYwJbawQaUAv37Q=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnoSl3gLevGYgFkgGUJPpyfppGehu0cIIV/gxYMiXv0kb/6NnckIKvqg4PFeFVX1vFhwpTH+sHIrq2vrG/nNwtb2zu5ecf+gpaJEUtakkYhkxyOKCR6ypuZasE4sGQk8wdre5Gbht++ZVDwK7/Q0Zm5AhiH3OSXaSI1xv1jC9jl2ri4wwjZOkZKqU3GQkyklyFDvF997g4gmAQs1FUSproNj7c6I1JwKNi/0EsViQidkyLqGhiRgyp2lh87RiVEGyI+kqVCjVP0+MSOBUtPAM50B0SP121uIf3ndRPtVd8bDONEspMtFfiKQjtDiazTgklEtpoYQKrm5FdERkYRqk03BhPD1KfqftMq2U7HLjbNS7TqLIw9HcAyn4MAl1OAW6tAECgwe4AmerbH1aL1Yr8vWnJXNHMIPWG+fA9eNFA==</latexit>

uj
<latexit sha1_base64="DXqRJ3zOBRJLPzKhdB02FafrUco=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpPu099kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AFe0I3a</latexit>

matrix-vector M
<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>

v = M · u =
X

j

Mijuj

<latexit sha1_base64="Hl3fQOphxXiGXmUfaCJbexX2T6s=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KkkVdFMounFTqGAf0IQwmUzaaScP5lEooRs3/oobF4q49R/c+TdO2yy09cCFwzn3cu89fsqokJb1baysrq1vbBa2its7u3v75sFhSySKY9LECUt4x0eCMBqTpqSSkU7KCYp8Rtr+8Hbqt0eEC5rED3KcEjdCvZiGFCOpJc88GVXrDg4SCVXVESryBrDuZXQwgcobeGbJKlszwGVi56QEcjQ888sJEqwiEkvMkBBd20qlmyEuKWZkUnSUICnCQ9QjXU1jFBHhZrMvJvBMKwEME64rlnCm/p7IUCTEOPJ1Z4RkXyx6U/E/r6tkeO1mNE6VJDGeLwoVgzKB00hgQDnBko01QZhTfSvEfcQRljq4og7BXnx5mbQqZfuiXLm/LNVu8jgK4BicgnNggytQA3egAZoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxifP692mA4=</latexit>

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

M
<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>matrix i

<latexit sha1_base64="Hfcb0nDKBkNaEN14i+OcLYX1USk=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPQ0/iEm9BLx4TMAskQ+jp9CRteha6e4Qw5Au8eFDEq5/kzb+xMxlBRR8UPN6roqqeFwuuNMYf1tLyyuraemGjuLm1vbNb2ttvqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43uZ77nXsmFY/CWz2NmRuQUch9Tok2UpMPSmVsn2Hn8hwjbOMMGak5VQc5uVKGHI1B6b0/jGgSsFBTQZTqOTjWbkqk5lSwWbGfKBYTOiEj1jM0JAFTbpodOkPHRhkiP5KmQo0y9ftESgKlpoFnOgOix+q3Nxf/8nqJ9mtuysM40Syki0V+IpCO0PxrNOSSUS2mhhAqubkV0TGRhGqTTdGE8PUp+p+0K7ZTtSvN03L9Ko+jAIdwBCfgwAXU4QYa0AIKDB7gCZ6tO+vRerFeF61LVj5zAD9gvX0CAlONEw==</latexit>

j
<latexit sha1_base64="5Hj9kiA3vXeHsYwJbawQaUAv37Q=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnoSl3gLevGYgFkgGUJPpyfppGehu0cIIV/gxYMiXv0kb/6NnckIKvqg4PFeFVX1vFhwpTH+sHIrq2vrG/nNwtb2zu5ecf+gpaJEUtakkYhkxyOKCR6ypuZasE4sGQk8wdre5Gbht++ZVDwK7/Q0Zm5AhiH3OSXaSI1xv1jC9jl2ri4wwjZOkZKqU3GQkyklyFDvF997g4gmAQs1FUSproNj7c6I1JwKNi/0EsViQidkyLqGhiRgyp2lh87RiVEGyI+kqVCjVP0+MSOBUtPAM50B0SP121uIf3ndRPtVd8bDONEspMtFfiKQjtDiazTgklEtpoYQKrm5FdERkYRqk03BhPD1KfqftMq2U7HLjbNS7TqLIw9HcAyn4MAl1OAW6tAECgwe4AmerbH1aL1Yr8vWnJXNHMIPWG+fA9eNFA==</latexit> Mij

<latexit sha1_base64="7ID37gJczDnwwkninT3RkkHeU9c=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXrwIFewHtEvJptk2bTZZkqxQlv4HLx4U8er/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOJreZ336iSjMpHs00pn6Eh4KFjGBjpdZ9P2XjWb9ccavuHGiVeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFbqJZrGmEzwkHYtFTii2k/n187QmVUGKJTKljBorv6eSHGk9TQKbGeEzUgve5n4n9dNTHjtp0zEiaGCLBaFCUdGoux1NGCKEsOnlmCimL0VkRFWmBgbUMmG4C2/vEpatap3Ua09XFbqN3kcRTiBUzgHD66gDnfQgCYQGMMzvMKbI50X5935WLQWnHzmGP7A+fwBrHGPMQ==</latexit>

i = 1, . . . D1
<latexit sha1_base64="GNWAs3jfwzk+fNrC3PYaI/lhlEs=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuhFKOrBYwX7Ae1astm0Dc0mS5JVytL/4cWDIl79L978N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0tE0VonUguVSvAmnImaN0ww2krVhRHAafNYHg98ZuPVGkmxb0ZxdSPcF+wHiPYWOmBXXonHR5Ko9FN1+sWS27ZnQItEi8jJchQ6xa/OqEkSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUoEjqv10evUYHVklRD2pbAmDpurviRRHWo+iwHZG2Az0vDcR//Paield+CkTcWKoILNFvYQjI9EkAhQyRYnhI0swUczeisgAK0yMDapgQ/DmX14kjUrZOy1X7s5K1assjjwcwCEcgwfnUIVbqEEdCCh4hld4c56cF+fd+Zi15pxsZh/+wPn8AfcAkYM=</latexit>

j = 1, . . . D2
<latexit sha1_base64="LDsp8bL8e2qiX+2iwj8LVWJVCv0=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8SNiNgl6EoB48RjAPSNYwOzubjJmdWWZmlbDkP7x4UMSr/+LNv3HyOGhiQUNR1U13V5Bwpo3rfjsLi0vLK6u5tfz6xubWdmFnt65lqgitEcmlagZYU84ErRlmOG0miuI44LQR9K9GfuORKs2kuDODhPox7goWMYKNle4fLrzjNg+l0ei6U+4Uim7JHQPNE29KijBFtVP4aoeSpDEVhnCsdctzE+NnWBlGOB3m26mmCSZ93KUtSwWOqfaz8dVDdGiVEEVS2RIGjdXfExmOtR7Ege2MsenpWW8k/ue1UhOd+xkTSWqoIJNFUcqRkWgUAQqZosTwgSWYKGZvRaSHFSbGBpW3IXizL8+TernknZTKt6fFyuU0jhzswwEcgQdnUIEbqEINCCh4hld4c56cF+fd+Zi0LjjTmT34A+fzB/oVkYU=</latexit>

vector



computational costs

matrix-vector v = M · u =
X

j

Mijuj

<latexit sha1_base64="Hl3fQOphxXiGXmUfaCJbexX2T6s=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KkkVdFMounFTqGAf0IQwmUzaaScP5lEooRs3/oobF4q49R/c+TdO2yy09cCFwzn3cu89fsqokJb1baysrq1vbBa2its7u3v75sFhSySKY9LECUt4x0eCMBqTpqSSkU7KCYp8Rtr+8Hbqt0eEC5rED3KcEjdCvZiGFCOpJc88GVXrDg4SCVXVESryBrDuZXQwgcobeGbJKlszwGVi56QEcjQ888sJEqwiEkvMkBBd20qlmyEuKWZkUnSUICnCQ9QjXU1jFBHhZrMvJvBMKwEME64rlnCm/p7IUCTEOPJ1Z4RkXyx6U/E/r6tkeO1mNE6VJDGeLwoVgzKB00hgQDnBko01QZhTfSvEfcQRljq4og7BXnx5mbQqZfuiXLm/LNVu8jgK4BicgnNggytQA3egAZoAg0fwDF7Bm/FkvBjvxse8dcXIZ47AHxifP692mA4=</latexit>

v · u =
X

i

viui

<latexit sha1_base64="J7VxjrM+EKjdj/O7USXl6B+Tn+I=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkCroRim5cVrAPaEKYTCbt0MlMmEehlG78FTcuFHHrZ7jzb5y2WWjrgQuHc+7l3nvinFGlPe/bWVldW9/YLG2Vt3d29/bdg8OWEkZi0sSCCdmJkSKMctLUVDPSySVBWcxIOx7cTf32kEhFBX/Uo5yEGepxmlKMtJUi93gY4ERoaG4CZbKIwqEtE9HIrXhVbwa4TPyCVECBRuR+BYnAJiNcY4aU6vpersMxkppiRiblwCiSIzxAPdK1lKOMqHA8e2ACz6ySwFRIW1zDmfp7YowypUZZbDszpPtq0ZuK/3ldo9PrcEx5bjTheL4oNQxqAadpwIRKgjUbWYKwpPZWiPtIIqxtZmUbgr/48jJp1ar+RbX2cFmp3xZxlMAJOAXnwAdXoA7uQQM0AQYT8AxewZvz5Lw4787HvHXFKWaOwB84nz8dEJYX</latexit>

vector-vector

matrix-matrix M ·N =
X

j

MijNjk

<latexit sha1_base64="PoMS0x5FHbKsTPCilQ81dwQ/Npc=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JUQS9C0YuXlgq2FZoQNptNu+1uEnY3Qgk9efGvePGgiFd/gzf/jds2B219MPB4b4aZeX7CqFSW9W0UlpZXVteK66WNza3tHXN3ry3jVGDSwjGLxb2PJGE0Ii1FFSP3iSCI+4x0/OH1xO88ECFpHN2pUUJcjnoRDSlGSkueeVh3cBAr2Lh0ZMq9Aax7GR2MYcPLBsOxZ5atijUFXCR2TsogR9Mzv5wgxiknkcIMSdm1rUS5GRKKYkbGJSeVJEF4iHqkq2mEOJFuNn1jDI+1EsAwFroiBafq74kMcSlH3NedHKm+nPcm4n9eN1XhhZvRKEkVifBsUZgyqGI4yQQGVBCs2EgThAXVt0LcRwJhpZMr6RDs+ZcXSbtasU8r1duzcu0qj6MIDsAROAE2OAc1cAOaoAUweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AXDamHo=</latexit>

O(D)

O(D1D2)

O(D1D2D3)

in general: product of open 
and contracted dimensions



=U
<latexit sha1_base64="PEhrdXtU5tToVGh4QPZ07hn1c/A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+SVq3qXVRrzctK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8fsnuM3Q==</latexit>

dD D D
U †

<latexit sha1_base64="c34sEzi5A5Q05NIEjMWvHUIxRho=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSRV0GPRi8cKpi2ksWw2k3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MGNUacf5tipr6xubW9Xt2s7u3v5B/fCoq0QuCXhEMCH7IVbAKAdPU82gn0nAacigF45vZ37vCaSigj/oSQZBihNOY0qwNpLvPRaDCCcJyOmw3nCazhz2KnFL0kAlOsP61yASJE+Ba8KwUr7rZDoosNSUMJjWBrmCDJMxTsA3lOMUVFDMT57aZ0aJ7FhIU1zbc/X3RIFTpSZpaDpTrEdq2ZuJ/3l+ruProKA8yzVwslgU58zWwp79b0dUAtFsYggmkppbbTLCEhNtUqqZENzll1dJt9V0L5qt+8tG+6aMo4pO0Ck6Ry66Qm10hzrIQwQJ9Ixe0ZulrRfr3fpYtFascuYY/YH1+QNz65Fd</latexit>

D
⇧

<latexit sha1_base64="B0x7MCsgzQJFWgV+qsHeT62F0C0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh15D9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAga42x</latexit>

basic routines

SVD M = USV †
<latexit sha1_base64="4unjosP9csJxjHHewXGe/ns13Ms=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQS9C0YsXoaJpC20sm82kXbr5YHejlNif4sWDIl79Jd78N27bHLT1wcDjvRlm5nkJZ1JZ1rdRWFpeWV0rrpc2Nre2d8zyblPGqaDg0JjHou0RCZxF4CimOLQTAST0OLS84eXEbz2AkCyO7tQoATck/YgFjBKlpZ5Zvj538C1u3mddn/T7IMY9s2JVrSnwIrFzUkE5Gj3zq+vHNA0hUpQTKTu2lSg3I0IxymFc6qYSEkKHpA8dTSMSgnSz6eljfKgVHwex0BUpPFV/T2QklHIUerozJGog572J+J/XSVVw5mYsSlIFEZ0tClKOVYwnOWCfCaCKjzQhVDB9K6YDIghVOq2SDsGef3mRNGtV+7hauzmp1C/yOIpoHx2gI2SjU1RHV6iBHETRI3pGr+jNeDJejHfjY9ZaMPKZPfQHxucPEEuTPQ==</latexit>

=M
<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>

U
<latexit sha1_base64="PEhrdXtU5tToVGh4QPZ07hn1c/A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+SVq3qXVRrzctK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8fsnuM3Q==</latexit>

V †
<latexit sha1_base64="sj+aBcC9XPtAwAEi30/1GFiOjN8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWw2m3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmCG0TyaXqBVhTzgRtG2Y47aWK4iTgtBuMb2d+94kqzaR4MJOU+gmOBYsYwcZK/c5jPghxHFM1HVZrbt2dA60SryA1KNAaVr8GoSRZQoUhHGvd99zU+DlWhhFOp5VBpmmKyRjHtG+pwAnVfj4/eYrOrBKiSCpbwqC5+nsix4nWkySwnQk2I73szcT/vH5moms/ZyLNDBVksSjKODISzf5HIVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QN1eZFe</latexit>

S
<latexit sha1_base64="vFchJGr6Z+gyWiveB04FdIL/myI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK9zjNs=</latexit>

O(Dd2)

=U †
<latexit sha1_base64="c34sEzi5A5Q05NIEjMWvHUIxRho=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSRV0GPRi8cKpi2ksWw2k3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MGNUacf5tipr6xubW9Xt2s7u3v5B/fCoq0QuCXhEMCH7IVbAKAdPU82gn0nAacigF45vZ37vCaSigj/oSQZBihNOY0qwNpLvPRaDCCcJyOmw3nCazhz2KnFL0kAlOsP61yASJE+Ba8KwUr7rZDoosNSUMJjWBrmCDJMxTsA3lOMUVFDMT57aZ0aJ7FhIU1zbc/X3RIFTpSZpaDpTrEdq2ZuJ/3l+ruProKA8yzVwslgU58zWwp79b0dUAtFsYggmkppbbTLCEhNtUqqZENzll1dJt9V0L5qt+8tG+6aMo4pO0Ck6Ry66Qm10hzrIQwQJ9Ixe0ZulrRfr3fpYtFascuYY/YH1+QNz65Fd</latexit>

U
<latexit sha1_base64="PEhrdXtU5tToVGh4QPZ07hn1c/A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+SVq3qXVRrzctK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8fsnuM3Q==</latexit>

D
d d disometry

D d
d

D d



X

ij

Mij�ij =
X

i

Mii = trM
<latexit sha1_base64="miaVUAU8LO27YhpqcS1i7ONUU+M=">AAACJHicbVDLSgMxFM3UV62vqks3wSK4KjNVUJBC0Y0boYJ9QKeUTJq2scnMkNwRytCPceOvuHHhAxdu/BYz01lo64FwD+fcS+49Xii4Btv+snJLyyura/n1wsbm1vZOcXevqYNIUdaggQhU2yOaCe6zBnAQrB0qRqQnWMsbXyV+64EpzQP/DiYh60oy9PmAUwJG6hUvXB3JXszvp/gmLW6fCSAprWbezDKlil1JYKRkDCoRiyW7bKfAi8TJSAllqPeK724/oJFkPlBBtO44dgjdmCjgVLBpwY00CwkdkyHrGOoTyXQ3To+c4iOj9PEgUOb5gFP190RMpNYT6ZnOZEk97yXif14ngsF5N+Z+GAHz6eyjQSQwBDhJDPe5YhTExBBCFTe7YjoiilAwuRZMCM78yYukWSk7J+XK7WmpdpnFkUcH6BAdIwedoRq6RnXUQBQ9omf0it6sJ+vF+rA+Z605K5vZR39gff8AiSCl8A==</latexit>

basic routines

SVD M = USV †
<latexit sha1_base64="4unjosP9csJxjHHewXGe/ns13Ms=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JUQS9C0YsXoaJpC20sm82kXbr5YHejlNif4sWDIl79Jd78N27bHLT1wcDjvRlm5nkJZ1JZ1rdRWFpeWV0rrpc2Nre2d8zyblPGqaDg0JjHou0RCZxF4CimOLQTAST0OLS84eXEbz2AkCyO7tQoATck/YgFjBKlpZ5Zvj538C1u3mddn/T7IMY9s2JVrSnwIrFzUkE5Gj3zq+vHNA0hUpQTKTu2lSg3I0IxymFc6qYSEkKHpA8dTSMSgnSz6eljfKgVHwex0BUpPFV/T2QklHIUerozJGog572J+J/XSVVw5mYsSlIFEZ0tClKOVYwnOWCfCaCKjzQhVDB9K6YDIghVOq2SDsGef3mRNGtV+7hauzmp1C/yOIpoHx2gI2SjU1RHV6iBHETRI3pGr+jNeDJejHfjY9ZaMPKZPfQHxucPEEuTPQ==</latexit>

=M
<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>

U
<latexit sha1_base64="PEhrdXtU5tToVGh4QPZ07hn1c/A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48tmFpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCopZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBD+HoduY/PKHSPJH3ZpxiENOB5BFn1Fip6ffKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+SVq3qXVRrzctK/SaPowgncArn4MEV1OEOGuADA4RneIU359F5cd6dj0VrwclnjuEPnM8fsnuM3Q==</latexit>

V †
<latexit sha1_base64="sj+aBcC9XPtAwAEi30/1GFiOjN8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWw2m3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmCG0TyaXqBVhTzgRtG2Y47aWK4iTgtBuMb2d+94kqzaR4MJOU+gmOBYsYwcZK/c5jPghxHFM1HVZrbt2dA60SryA1KNAaVr8GoSRZQoUhHGvd99zU+DlWhhFOp5VBpmmKyRjHtG+pwAnVfj4/eYrOrBKiSCpbwqC5+nsix4nWkySwnQk2I73szcT/vH5moms/ZyLNDBVksSjKODISzf5HIVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QN1eZFe</latexit>

S
<latexit sha1_base64="vFchJGr6Z+gyWiveB04FdIL/myI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK9zjNs=</latexit>

D d
d

D d

M
<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>

D Dtrace

M
<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>

d d

D D

X

ij

Mia,jb�ij =
X

i

Mia,ib = trdM
<latexit sha1_base64="lw9gqk85fpxpabPPkxrMuQPU6fE=">AAACJ3icbZDLSgMxFIYzXmu9VV26CRbBhZSZKuhGKbpxI1SwF2hLyWTSNm0yMyRnhDLM27jxVdwIKqJL38R0OgttPZDw8/055JzfDQXXYNtf1sLi0vLKam4tv76xubVd2Nmt6yBSlNVoIALVdIlmgvusBhwEa4aKEekK1nBH1xO/8cCU5oF/D+OQdSTp+7zHKQGDuoXLto5kN+bD5Nbc5HjoJm2PCSApu0hdjqcedw2QBAZKxqCSrmd4oWiX7LTwvHAyUURZVbuF17YX0EgyH6ggWrccO4ROTBRwKliSb0eahYSOSJ+1jPSJZLoTp3sm+NAQD/cCZY4POKW/O2IitR5L17ycjKlnvQn8z2tF0DvvxNwPI2A+nX7UiwSGAE9Cwx5XjIIYG0Go4mZWTAdEEQom2rwJwZldeV7UyyXnpFS+Oy1WrrI4cmgfHaAj5KAzVEE3qIpqiKJH9Ize0Lv1ZL1YH9bn9OmClfXsoT9lff8ANEinVw==</latexit>

partial trace



pictorial representation(
<latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit>

(
<latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit> <latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit> <latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit> <latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit>



WHAT ARE  TNS?

A general state of the N-
body Hilbert space has 

exponentially many 
coefficients

A TNS has only a 
polynomial number 

of parameters

N-legged 
tensor

|�� =
�

ij

ci1...iN |i1 . . . iN �

• TNS = Tensor Network States

dN

poly(N)



WHAT ARE  TNS?
A particular example

Mean field 
approximation

Can still produce 
good results in 

some cases

• TNS = Tensor Network States

product state



WHY SHOULD TNS BE 
USEFUL?

States appearing in Nature are peculiar

State at random from 
Hilbert space is not 

close to product

H

product
states

• TNS = Tensor Network States



WHY SHOULD TNS BE 
USEFUL?

States appearing in Nature are peculiar

State at random from 
Hilbert space is not 

close to product

We look for the 
particular “corner” of 

the Hilbert space

H

naturally
appearing

• TNS = Tensor Network States



WHY SHOULD TNS BE 
USEFUL?

The goal is to find good descriptions of physical states 

➡ efficient representation
➡ computable observables
➡ (variational) algorithms

H
WANTED



FINDING A GOOD ANSATZ
Which properties characterize physically interesting states?

ENTANGLEMENT 
STRUCTURE

|a� � |b�

|a� � |b�+ |b� � |a�

S(A) = �tr(�Alog(�A))

A

B

entanglement 
entropy



FINDING A GOOD ANSATZ

Area law
finite range 

gapped 
Hamiltonians

A

B

states with
little entanglement

Which properties characterize ground states of relevant 
Hamiltonians?



SAmax / |�A| logA
<latexit sha1_base64="ZXYrmrVHBx567zVizAuHFqcqjaU="></latexit>

FINDING A GOOD ANSATZ
Which properties characterize ground states of relevant 
Hamiltonians?

Area law
local gapped 1D Hamiltonians 

have ground states
with area law of entanglement

SAmax � |�A|
A

B

Hastings 2007

in 1D critical systems, 
logarithmic corrections

Calabrese, Cardy 2004

satisfied at finite temperature Wolf,  Verstraete, Hastings, Cirac, PRL 2008



TNS = entanglement based ansatz

Ansätze satisfying 
the area law

Area law

A

B

MPS & PEPS

by construction

• MPS = Matrix Product States
• PEPS = Projected Entangled Pairs States



A

B

area law

TNS = entanglement based ansatz

PEPS
MPS

other TNS
MERA

TTN

Swingle PRD 2012
Molina JHEP 2013

Nozaki et al JHEP 2012
Bao et al PRD 2015

suggested connection 
to AdS/CFT

Schollwöck Ann.Phys.2011

Verstraete et al.  Adv. Phys. 2008

Shi et al PRA 2006

Vidal PRL 2007



MPS
Matrix Product States



MPS A bit of history...

AKLT exactly solvable spin model
Affleck, Kennedy, Lieb, Tasaki, PRL 1987

Hii+1 = �Si · �Si+1 +
1
3

�
�Si · �Si+1

�2

S =
1
2

The ground state is exactly a MPS (VBS)

Matrix Product States



MPS A bit of history...

AKLT exactly solvable spin model
Affleck, Kennedy, Lieb, Tasaki, PRL 1987

Hii+1 = �Si · �Si+1 +
1
3

�
�Si · �Si+1

�2

S =
1
2

The ground state is exactly a MPS (VBS)

Matrix Product States



MPS A bit of history...

DMRG algorithm
White, PRL 1992

AKLT exactly solvable spin model
Affleck, Kennedy, Lieb, Tasaki, PRL 1987

Finitely correlated states
Fannes, Nachtergaele, Werner, CMP 1992

DMRG variational over MPS
Ostlund, Rommer, PRL 1995
Dukelsky et al., Eur. Phys. Lett. 1998

Quantum Information perspective
Vidal, PRL 2003
Verstraete, Porras, Cirac, PRL 2004

Matrix Product States



d

D D

MPS

|�� =
�

i1...iN

tr(Ai1
1 Ai2

2 . . . AiN
N )|i1 . . . iN �

Ai
�⇥

Area law by construction
A

B

number of 
parameters

NdD2

Bounded entanglement S(L/2) � log D

Matrix Product States



A0 =
�

1 0
0 1

�
A1 =

�
0 1
0 0

�

MPS EXAMPLE

|�� =
�

i1...iN

tr(Ai1
1 Ai2

2 . . . AiN
N )|i1 . . . iN �

|100 . . .� + |010 . . .� + |001 . . .� + . . .

D = 2



MPS

physical
site

maximally
entangled
D�

�=1

|��|�� virtual
particles D

Matrix Product States



MPS

maximally
entangled
D�

�=1

|��|�� virtual
particles D

project onto the physical degrees of freedom

�

i��

Ai
�� |i����|

d

Area law by construction
A

B
Bounded entanglement S(L/2) � log D

Matrix Product States



L

MPS PROPERTIES
Area law by construction



S( ) �

local projectors
cannot increase

the entropy

S( )�

S( )=
= 2logD

MPS PROPERTIES
Area law by construction



SOME OTHER PROPERTIES



MPS PROPERTIES
any state can be written as MPS

d d

d2d

d

d2 d

d dd

D � dN/2



MPS PROPERTIES
MPS are a complete family

increasing the bond dimension, they can 
describe any state of the Hilbert space

D = 1

D = 2

H

D = 3D � dN/2



X · X�1

Pérez-García, Verstraete, Wolf, Cirac, Q.Inf.Comp. 2007
gauge freedom

MPS PROPERTIES



Pérez-García, Verstraete, Wolf, Cirac, Q.Inf.Comp. 2007

canonical form

=

=

�

i

A[m]iA[m]i† = 1

�

i

A[m]i†�[m�1]A[m]i = �[m]

unique
imposed locally

gauge freedom

MPS PROPERTIES



finding the canonical form

MPS PROPERTIES

d

D D

=

SVD



d

D
D D

U · S
<latexit sha1_base64="aZCArGGwfGlfPp3Efk/2qCMfK0A=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGiaQttKJvNpl262Y27E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAU34Lrfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+cBCsk2pGklCwdji6mfrtJ6YNV/IBxikLEjKQPOaUgJU6fo9GCvB9v1J1a+4MeJl4BamiAs1+5asXKZolTAIVxJiu56YQ5EQDp4JNyr3MsJTQERmwrqWSJMwE+ezeCT61SoRjpW1JwDP190ROEmPGSWg7EwJDs+hNxf+8bgbxVZBzmWbAJJ0vijOBQeHp8zjimlEQY0sI1dzeiumQaELBRlS2IXiLLy+TVr3mndfqdxfVxnURRwkdoxN0hjx0iRroFjWRjygS6Bm9ojfn0Xlx3p2PeeuKU8wcoT9wPn8Aft+PnA==</latexit>

V †
<latexit sha1_base64="sj+aBcC9XPtAwAEi30/1GFiOjN8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWw2m3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmCG0TyaXqBVhTzgRtG2Y47aWK4iTgtBuMb2d+94kqzaR4MJOU+gmOBYsYwcZK/c5jPghxHFM1HVZrbt2dA60SryA1KNAaVr8GoSRZQoUhHGvd99zU+DlWhhFOp5VBpmmKyRjHtG+pwAnVfj4/eYrOrBKiSCpbwqC5+nsix4nWkySwnQk2I73szcT/vH5moms/ZyLNDBVksSjKODISzf5HIVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QN1eZFe</latexit>

finding the canonical form

MPS PROPERTIES

=

=V †
<latexit sha1_base64="sj+aBcC9XPtAwAEi30/1GFiOjN8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWw2m3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmCG0TyaXqBVhTzgRtG2Y47aWK4iTgtBuMb2d+94kqzaR4MJOU+gmOBYsYwcZK/c5jPghxHFM1HVZrbt2dA60SryA1KNAaVr8GoSRZQoUhHGvd99zU+DlWhhFOp5VBpmmKyRjHtG+pwAnVfj4/eYrOrBKiSCpbwqC5+nsix4nWkySwnQk2I73szcT/vH5moms/ZyLNDBVksSjKODISzf5HIVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QN1eZFe</latexit> V

<latexit sha1_base64="ZHTJuVrsXJ8Nz2mGcO2drL0vXec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fs/+M3g==</latexit>



d

D
D D

U · S
<latexit sha1_base64="aZCArGGwfGlfPp3Efk/2qCMfK0A=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGiaQttKJvNpl262Y27E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAU34Lrfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+cBCsk2pGklCwdji6mfrtJ6YNV/IBxikLEjKQPOaUgJU6fo9GCvB9v1J1a+4MeJl4BamiAs1+5asXKZolTAIVxJiu56YQ5EQDp4JNyr3MsJTQERmwrqWSJMwE+ezeCT61SoRjpW1JwDP190ROEmPGSWg7EwJDs+hNxf+8bgbxVZBzmWbAJJ0vijOBQeHp8zjimlEQY0sI1dzeiumQaELBRlS2IXiLLy+TVr3mndfqdxfVxnURRwkdoxN0hjx0iRroFjWRjygS6Bm9ojfn0Xlx3p2PeeuKU8wcoT9wPn8Aft+PnA==</latexit>

V †
<latexit sha1_base64="sj+aBcC9XPtAwAEi30/1GFiOjN8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWw2m3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmCG0TyaXqBVhTzgRtG2Y47aWK4iTgtBuMb2d+94kqzaR4MJOU+gmOBYsYwcZK/c5jPghxHFM1HVZrbt2dA60SryA1KNAaVr8GoSRZQoUhHGvd99zU+DlWhhFOp5VBpmmKyRjHtG+pwAnVfj4/eYrOrBKiSCpbwqC5+nsix4nWkySwnQk2I73szcT/vH5moms/ZyLNDBVksSjKODISzf5HIVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QN1eZFe</latexit>

finding the canonical form

MPS PROPERTIES

=

=V †
<latexit sha1_base64="sj+aBcC9XPtAwAEi30/1GFiOjN8=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWw2m3TpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmCG0TyaXqBVhTzgRtG2Y47aWK4iTgtBuMb2d+94kqzaR4MJOU+gmOBYsYwcZK/c5jPghxHFM1HVZrbt2dA60SryA1KNAaVr8GoSRZQoUhHGvd99zU+DlWhhFOp5VBpmmKyRjHtG+pwAnVfj4/eYrOrBKiSCpbwqC5+nsix4nWkySwnQk2I73szcT/vH5moms/ZyLNDBVksSjKODISzf5HIVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QN1eZFe</latexit> V

<latexit sha1_base64="ZHTJuVrsXJ8Nz2mGcO2drL0vXec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fs/+M3g==</latexit>



MPS PROPERTIES
Efficient expectation values 

| i =
X

{ik}

ci1i2...iN |i1i2 . . . iN i
<latexit sha1_base64="dsokeIJglgWY8JocfmuO/pw4Bkw="></latexit>



MPS PROPERTIES
Efficient expectation values 

h |O| i =
X

{ik,jk}

c
⇤
i1i2...iN cj1j2...jN hi1i2 . . . iN |O|j1j2 . . . jN i

<latexit sha1_base64="Q5Ndxvp9Lrh7rFQmHJnpT02S9nU="></latexit>

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>



MPS PROPERTIES
Efficient expectation values 

h |O[M ]| i =
X

{ik}k 6=M

X

iM ,jM

c
⇤
i1...iM ...iN ci1...jM ...iN hiM |O|jM i

<latexit sha1_base64="0NBXxQe3+/0mhQnIOGzzNkEapxg="></latexit>

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>



MPS PROPERTIES
Efficient expectation values 

transfer operator

D2xD2 matrix
E

<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>=

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

E =
X

i

Ai⇤ ⌦Ai

<latexit sha1_base64="SA3a7Bd7ZA1Nnd9CaqBV8Lvg4JU=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHERUmqoBuhKoLLCvYBTQyT6aQdOpOEmYlQQlZu/BU3LhRx6ze482+cpllo64GBc8+5lzv3+DGjUlnWtzE3v7C4tFxaKa+urW9smlvbLRklApMmjlgkOj6ShNGQNBVVjHRiQRD3GWn7w6ux334gQtIovFOjmLgc9UMaUIyUljxz7/rckQn3KLy4T+lRBp1IUU5kXmaeWbGqVg44S+yCVECBhmd+Ob0IJ5yECjMkZde2YuWmSCiKGcnKTiJJjPAQ9UlX0xDpVW6an5HBA630YBAJ/UIFc/X3RIq4lCPu606O1EBOe2PxP6+bqODMTWkYJ4qEeLIoSBhUERxnAntUEKzYSBOEBdV/hXiABMJKJ1fWIdjTJ8+SVq1qH1drtyeV+mURRwnsgn1wCGxwCurgBjRAE2DwCJ7BK3gznowX4934mLTOGcXMDvgD4/MHGuuYQw==</latexit>



EO =
X

ij

A
i⇤ ⌦A

jhi|O|ji
<latexit sha1_base64="NT7D5EfZRTSxlZ9SWBREle3B+nE="></latexit>

MPS PROPERTIES
Efficient expectation values 

EO
<latexit sha1_base64="SyT4MrN+6IhIzGZvrLVufnV0/eI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BEbwZ0TwgWcLsZJIMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup76zSeujYjUI45j7od0oERfMIpWerjp3nWLJbfszkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv1LPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpVMreWblyf16qXmVx5OEIjuEUPLiAKtxCDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MH7LWNjw==</latexit>

=

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

O
<latexit sha1_base64="GaKRjcxSBA8vmj115Ee3A9y0aWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL95MwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6ljjNc=</latexit>

transfer operator

D2xD2 matrix



MPS PROPERTIES
Efficient expectation values 

EO
<latexit sha1_base64="SyT4MrN+6IhIzGZvrLVufnV0/eI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BEbwZ0TwgWcLsZJIMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwup76zSeujYjUI45j7od0oERfMIpWerjp3nWLJbfszkCWiZeREmSodYtfnV7EkpArZJIa0/bcGP2UahRM8kmhkxgeUzaiA962VNGQGz+dnTohJ1bpkX6kbSkkM/X3REpDY8ZhYDtDikOz6E3F/7x2gv1LPxUqTpArNl/UTyTBiEz/Jj2hOUM5toQyLeythA2ppgxtOgUbgrf48jJpVMreWblyf16qXmVx5OEIjuEUPLiAKtxCDerAYADP8ApvjnRenHfnY96ac7KZQ/gD5/MH7LWNjw==</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>
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D
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D



MPS PROPERTIES
Exponentially decaying correlations

hA[p]B[p+x]i � hA[p]ihBp+xi
<latexit sha1_base64="oExx2tWI6Gdo2OaI8ChfzGWXoWo=">AAACOXicbVBNS8MwGE79nPOr6tFLcAiCONop6HHOi8cJ7gPaOtIs3cLStCSpOEr/lhf/hTfBiwdFvPoHTPcBuvlCyMPzQfI+fsyoVJb1YiwsLi2vrBbWiusbm1vb5s5uU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+4CrXW/dESBrxWzWMiReiHqcBxUhpqmPWXYZ4jxF4eZc6sZfBWn4fP3iZK8bCCZyxTIUprRM6MKU7ZskqW6OB88CegBKYTL1jPrvdCCch4QozJKVjW7HyUiQUxYxkRTeRJEZ4gHrE0ZCjkEgvHW2ewUPNdGEQCX24giP2dyJFoZTD0NfOEKm+nNVy8j/NSVRw4aWUx4kiHI8fChIGVQTzGmGXCoIVG2qAsKD6rxD3kUBY6bKLugR7duV50KyU7dNy5easVK1N6iiAfXAAjoANzkEVXIM6aAAMHsEreAcfxpPxZnwaX2PrgjHJ7IE/Y3z/AGzhrVQ=</latexit>

A
<latexit sha1_base64="Lihtv2jYSe0RaYbwwPdS8141boc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJQrjMk=</latexit>

B
<latexit sha1_base64="wW6OXYFoJg3RvlrYIdlxqPzQzSE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWvjMo=</latexit>



E =
X

i

Ai⇤ ⌦Ai =
X

k

�k|RkihLk|
<latexit sha1_base64="olfHY9CeOA257hkFMlAXrXv9CPY="></latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

EA
<latexit sha1_base64="FlXkhVr6civKO0vI1JgCUFT2VXU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9RETxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHm67V91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Vq7cn5eq11kceTiCYzgFDy6gCndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB132NgQ==</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

EB
<latexit sha1_base64="OLX+EmAFkPy34m6UPEwHCV19yL0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8hIniMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw22v1iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Ua7cX5aqtSyOPJzAKZyDB1dQhTuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2QGNgg==</latexit>

MPS PROPERTIES
Exponentially decaying correlations

hA[p]B[p+x]i
<latexit sha1_base64="ZNcSL+DhsuvFbA507El5Nva5uJg=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0UQhJJUQZe1blxWsA9IYplMJ+3QySTMTMQSsnXjr7hxoYhb/8Cdf+OkzUJbD1zu4Zx7mbnHjxmVyrK+jdLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3K/e0+EpBG/VZOYeCEachpQjJSW+iZ0GeJDRuDlXerEXgabeT958DJXTI2+WbVq1hRwkdgFqYICrb755Q4inISEK8yQlI5txcpLkVAUM5JV3ESSGOExGhJHU45CIr10ekkGj7QygEEkdHEFp+rvjRSFUk5CX0+GSI3kvJeL/3lOooILL6U8ThThePZQkDCoIpjHAgdUEKzYRBOEBdV/hXiEBMJKh1fRIdjzJy+STr1mn9bqN2fVRrOIowwOwCE4BjY4Bw1wDVqgDTB4BM/gFbwZT8aL8W58zEZLRrGzD/7A+PwBF+mZ9Q==</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

(
<latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit>

(
<latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit> <latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit> <latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit> <latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit>

x-1

�x�1
1

 
|R1ihL1|+

✓
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<latexit sha1_base64="9ijTn8u4qEkqXECc4Xmaowdm2xA="></latexit>



E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

EA
<latexit sha1_base64="FlXkhVr6civKO0vI1JgCUFT2VXU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9RETxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHm67V91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwalbJ3Vq7cn5eq11kceTiCYzgFDy6gCndQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB132NgQ==</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

E
<latexit sha1_base64="oW7OyFl8fZOuY5qYrNXg+guGckE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BETwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZo7jM0=</latexit>

EB
<latexit sha1_base64="OLX+EmAFkPy34m6UPEwHCV19yL0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8hIniMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw22v1iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJ3Ua7cX5aqtSyOPJzAKZyDB1dQhTuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A2QGNgg==</latexit>

MPS PROPERTIES
Exponentially decaying correlations

hA[p]B[p+x]i
<latexit sha1_base64="ZNcSL+DhsuvFbA507El5Nva5uJg=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0UQhJJUQZe1blxWsA9IYplMJ+3QySTMTMQSsnXjr7hxoYhb/8Cdf+OkzUJbD1zu4Zx7mbnHjxmVyrK+jdLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3K/e0+EpBG/VZOYeCEachpQjJSW+iZ0GeJDRuDlXerEXgabeT958DJXTI2+WbVq1hRwkdgFqYICrb755Q4inISEK8yQlI5txcpLkVAUM5JV3ESSGOExGhJHU45CIr10ekkGj7QygEEkdHEFp+rvjRSFUk5CX0+GSI3kvJeL/3lOooILL6U8ThThePZQkDCoIpjHAgdUEKzYRBOEBdV/hXiEBMJKh1fRIdjzJy+STr1mn9bqN2fVRrOIowwOwCE4BjY4Bw1wDVqgDTB4BM/gFbwZT8aL8W58zEZLRrGzD/7A+PwBF+mZ9Q==</latexit>

(
<latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit><latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit>

(
<latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit> <latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit> <latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit> <latexit sha1_base64="5PLnWdNGdgpzSHq400RKGHyGGJg=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBByCrvi8xb04jEB84BkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbJCFC1oKKq66e4KEsG1cd1PZ2l5ZXVtPbeR39za3tkt7O03dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8mfrNB1Sax/LOjBL0I9qXPOSMGivVSt1C0S27M5AFcuZ6V+ce8TKlCBmq3cJHpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nh07IsVV6JIyVLWnITF2cGNNI61EU2M6ImoH+7U3Fv7x2asJLf8xlkhqUbL4oTAUxMZl+TXpcITNiZAllittbCRtQRZmx2eRtCN+fkv9J46TsuWWvdlqsXGdx5OAQjqAEHlxABW6hCnVggPAIz/Di3DtPzqvzNm9dcrKZA/gB5/0LjAeMwg==</latexit>
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<latexit sha1_base64="9ijTn8u4qEkqXECc4Xmaowdm2xA="></latexit>

normalize

disconnected 
component

exponential 
decrease



MPS PROPERTIES
Efficient preparation

=

equivalent to an ancilla with dimension D



MPS PROPERTIES
Approximate ground states efficiently

≈| i
<latexit sha1_base64="98OpKHWx0LHUgdu8GoDtupzVMiM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy203bpZhN2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCalGwSU2DTcCO4lCGoUC2+H4dua3H1FpHssHM0kwiOhQ8gFn1FjJf/IbmvuKyqHAXrniVt05yCrxclKBHI1e+cvvxyyNUBomqNZdz01MkFFlOBM4LfmpxoSyMR1i11JJI9RBNr95Ss6s0ieDWNmShszV3xMZjbSeRKHtjKgZ6WVvJv7ndVMzuA4yLpPUoGSLRYNUEBOTWQCkzxUyIyaWUKa4vZWwEVWUGRtTyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjBI4Ble4c1JnRfn3flYtBacfOYY/sD5/AE76ZHP</latexit>

| Di
<latexit sha1_base64="YQlaV8mL3CuM2AtTvdHYV+g2utk=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8laQKeizqwWMF+wFNLJvtpF262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7Tjf1tLyyuraemGjuLm1vbNb2ttvqjiVFBs05rFsB0QhZwIbmmmO7UQiiQKOrWB4NfFbDygVi8WdHiXoR6QvWMgo0Ua6f/LqinWvPUlEn2O3VHYqzhT2InFzUoYc9W7py+vFNI1QaMqJUh3XSbSfEakZ5TgueqnChNAh6WPHUEEiVH42vXpsHxulZ4exNCW0PVV/T2QkUmoUBaYzInqg5r2J+J/XSXV44WdMJKlGQWeLwpTbOrYnEdg9JpFqPjKEUMnMrTYdEEmoNkEVTQju/MuLpFmtuKeV6u1ZuXaZx1GAQziCE3DhHGpwA3VoAAUJz/AKb9aj9WK9Wx+z1iUrnzmAP7A+fwCF1pKG</latexit>

k| i � | Dik2  2
N�1X

↵=1

✏↵(D)
<latexit sha1_base64="6eVnYdwjpgUF5wjBVy17xe0X0Ag="></latexit>

✏↵(D) =
M↵X

k=D+1

µ(↵)
k

<latexit sha1_base64="45PQZuo3pZjLOxEdvoAsuunn7Zs="></latexit>

truncation per link squared Schmidt values

for ground states of local 
gapped 1D Hamiltonians ✏↵(D)  CD� 1

⇠0 log d
<latexit sha1_base64="91ua7cnLyeGbVQxGVU2ENeEpowY="></latexit>

Hastings JStatMech 2007

quality of approximation depends on how fast 
Schmidt values decay



MPS PROPERTIES
Also periodic boundary conditions

more expensive (still efficient) contractions O(D5)

could be written as OBC with D2

(twice the entropy at half chain)



MPS injectivity ⇔ unique ground state

MPS PROPERTIES
local parent Hamiltonian

Generalization of AKLT construction

A
<latexit sha1_base64="Lihtv2jYSe0RaYbwwPdS8141boc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJQrjMk=</latexit>

A
<latexit sha1_base64="Lihtv2jYSe0RaYbwwPdS8141boc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJQrjMk=</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

X 2 CD⇥D
<latexit sha1_base64="I6Ayf5B9DiUHEpbyFbC3JvYgCf0=">AAACBHicdVDLSgMxFM3UV62vUZfdBIvgasi01dZdsV24rGAf0Kklk6ZtaCYzJBmhDF248VfcuFDErR/hzr8xfQgqeuDC4Zx7ufceP+JMaYQ+rNTK6tr6Rnozs7W9s7tn7x80VRhLQhsk5KFs+1hRzgRtaKY5bUeS4sDntOWPqzO/dUulYqG41pOIdgM8FGzACNZG6tnZtscE9AKsR76fVKc3Sc3TLKAK1qY9O4ccdFZ08y5Ezilyy3m0IOelAnQdNEcOLFHv2e9ePyRxQIUmHCvVcVGkuwmWmhFOpxkvVjTCZIyHtGOowGZPN5k/MYXHRunDQShNCQ3n6veJBAdKTQLfdM6uVb+9mfiX14n1oNxNmIhiTQVZLBrEHOoQzhKBfSYp0XxiCCaSmVshGWGJiTa5ZUwIX5/C/0kz77gFJ39VzFUulnGkQRYcgRPgghKogEtQBw1AwB14AE/g2bq3Hq0X63XRmrKWM4fgB6y3T6t6mCA=</latexit>

S2
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H =
N�1X

i=1

(1�⇧S2)
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local, frustration-free



MPS PROPERTIES
Symmetries

fundamental physical concept

invariant Hamiltonian → symmetric (covariant) eigenstate
UHU † = H U |En� = ei�|En�

restrict effective Hilbert space to given quantum numbers

role of tensors symmetry?



MPS PROPERTIES
Tensors can be symmetric ⇒ state invariant

Pérez-García et al.,  PRL 2008
Sanz et al., PRA 2009
Schuch et al., Ann. Phys. 2010
Singh et al., NJP 2007, PRA 2010
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state invariant ⇔ 
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MPS PROPERTIES
Tensors can be symmetric ⇒ state invariant

state invariant ⇔ =
U †
g

V †
gVg

Pérez-García et al.,  PRL 2008
Sanz et al., PRA 2009
Schuch et al., Ann. Phys. 2010
Singh et al., NJP 2007, PRA 2010

In general: structure 
of tensor ⇾ 
symmetry properties

gauge symmetries 
Tagliacozzo et al. PRX 2014
Haegeman et al. PRX 2015

topological order
Wahl et al., PRL 2013
Buerschaper, Ann. Phys. 2014
Sahinoglu et al. arXiv:1409.2150

For MPS and PEPS, there is a canonical form

http://arxiv.org/abs/1405.4811
http://arxiv.org/abs/1407.1025
http://arxiv.org/abs/1409.2150


MPS PROPERTIES

good approximation of ground states
gapped finite range Hamiltonian ⇒ 

area law (ground state)

efficient calculation of expectation values
exponentially decaying correlations

can be prepared efficiently

RECAP



PEPS
Projected Entangled Pairs

natural generalization of MPS



PEPS
Projected Entangled Pairs States

local map onto the physical d.o.f.
any lattice

additional
virtual

particles

area law by construction



PEPS
Projected Entangled Pairs States

Entropy of a region 
bounded by the 

number of cut bonds

any lattice

area law by construction



PEPS
Projected Entangled Pairs States

Entropy of a region 
bounded by the 

number of cut bonds

any lattice

area law by construction



PEPS
Projected Entangled Pairs States

��|

D: virtual bond

d: physical bond

Computing 
the norm

|��



D2×D2

PEPS
Projected Entangled Pairs States

D2



D4×D2

PEPS
Projected Entangled Pairs States

D2



D6×D2

PEPS
Projected Entangled Pairs States

D2



D2L×D2

PEPS
Projected Entangled Pairs States

D2

contracting 
#P-complete



Best we can do: 
approximate (e.g. via MPO-

MPS contractions)

PEPS
Projected Entangled Pairs States

Needed for expectation 
values and tensor updates

enviroment
approximation



PEPS
Projected Entangled Pairs States

local parent Hamiltonian
A
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H =
N�1X

i=1

(1�⇧S2)
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local, frustration-free

injectivity ⇒ unique ground state

bulk-boundary correspondence
holographic principle: boundary dof determine physics in bulk 

half-system 
RDM

on virtual dof

map virtual to physical



PEPS
Projected Entangled Pairs States

efficient approximation of thermal states
Hastings PRB 2006
Molnar et al PRB 2015

no efficient calculation of expectation values
can hold algebraically decaying correlations

cannot be prepared efficiently

Properties

ground state of local frustration-free Hamiltonians


